VAN KAMPEN’S THEOREM FOR LOCALLY SECTIONABLE MAPS

RONALD BROWN, GEORGE JANELIDZE, AND GEORGE PESCHKE

ABSTRACT. We generalize the Van Kampen theorem for unions of non-connected spaces, due
to R. Brown and A. R. Salleh, to the context where families of subspaces of the base space B
are replaced with a ‘large’ space E equipped with a locally sectionable continuous map p : E —
B.

1. Introduction

The most general purely topological version of the 1-dimensional theorem of Van Kampen
seems to be the following, which involves the fundamental groupoid 7 (B, S) on a set S of
base points, cf. [Brown, 1987, Brown, 2006, Brown, 2018]. Here we write also 7 (B, .5) for
m1 (B, BN.S), so that if U is a subspace of B then (U, S) is (U, U N 5).

1.1. THEOREM. [Brown-Salleh, 1984] Let (By)xea be a family of subspaces of B such that
the interiors of the sets By (A € A) cover B, and let S be a subset of B. Suppose S meets each
path-component of each one-fold, two-fold, and each three-fold intersection of distinct members
of the family (B))xen- Then there is a coequalizer diagram in the category of groupoids:

LlA,ueAﬂl(BAﬂBM’S)—Z>|_|)\6A7T1(BA75)—’Y>7T1(BaS)7 (1)

in which | | stands for the coproduct in the category of groupoids, and o, 3, and -y are deter-
mined by the inclusion maps By N B, — By, B\N B, — By, and By — B, respectively.

The idea for using more than one base point arose in the writing of the first version of
[Brown, 2006] in order to give a Van Kampen Theorem general enough to compute the fun-
damental group of the circle S*, which after all is the basic example in algebraic topology; of
course the “canonical” method for the circle is to use the covering map R — S, but Theorem
1.1 deals also with a myriad of other cases.!

The use of many base points has been supported by Grothendieck in his 1984 “Esquisse
d’un Programme”, [Grothendieck, 1984, Section 2]:

Ceci est 1ié notamment au fait que les gens s’obstinent encore, en calculant avec
des groupes fondamentaux, a fixer un seul point base, plitot que d’en choisir as-
tucieusement tout un paquet qui soit invariant par les symetries de la situation,
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lesquelles sont donc perdues en route. Dans certaines situations (comme des théoremes
de descente a la Van Kampen pour les groupes fondamentaux) il est bien plus
élégant, voire indispensable pour y comprendre quelque chose, de travailler avec
des groupoides fondamentaux par rapport a un paquet de points base convenable,....

And indeed, restricting to a single base point omits a vast range of other spaces available in
a local-to-global way, that might require even a large number of base points, and new methods
for analyzing the colimits involved. It is unreasonable to suggest that “the answer has to be
a group”, or some form of presentation of a group; cf for example [Gill-Gillespie-Semeraro,
2018].

The use of groupoids also allows for the applications of Higgins’ “universal morphisms”,
see [Higgins, 2005] and the Appendix B5 Groupoids bifibered over Sets of [Brown-Higgins-
Sivera, 2011] ; the fundamental group of the circle may be obtained from the groupoid J =
m1([0, 1], {0, 1}) by identifying 0 and 1, as there is such a “universal morphism” from J to the
group of integers. Applications of groupoid notions to orbit spaces are given in the (current)
version of [Brown, 2006, Chapter 11].

There are also accounts of the Van Kampen theorem for the fundamental group related to
universal covers and Galois theory, [Douady-Douady, 1979, Brown-Janelidze, 1997]; [Brown-
Janelidze, 1997] uses Galois theory of [Janelidze, 1991]. In this paper we return to the classical
approach, but replace families of subspaces of the base space B with a ‘large’ space F equipped
with a locally sectionable continuous map p : E — B; this makes our Main Theorem 2.2,
more general than Theorem 1.1. In Section 2 we prove Theorem 2.2 directly, and then, after
making various additional remarks in Section 3, briefly discuss a possibility of deducing it from
Theorem 1.1 in Section 4; for instance such deduction is obviously possible when all points of
B are taken as base points.

2. Locally Sectionable Maps and the Main Theorem

A continuous map p : &/ — B of topological spaces is said to be locally sectionable if for every
b € B there exist an open subset U of B such that b € U and the map p~*(U) — U induced by
p has a continuous section. We are interested in such maps for two reasons:

e Let (B))xen be a family of subspaces of B, let F be their coproduct, and suppose that the
interiors of the sets By (A € A) cover B. Then the canonical map p : £ — B is locally
sectionable, and such a family of subspaces is used in the Brown—Salleh version of van
Kampen Theorem [Brown-Salleh, 1984], recalled above as Theorem 1.1; we are going to
extend that theorem to arbitrary locally sectionable maps. For convenience, for any map
p: E — B and subset S of B we write m(E,S) and m(E xp E, S) form(E, E xg S)
and m(E xg E, E xg E xp S), respectively.

e As shown in [Janelidze-Tholen, 1991], every locally sectionable map is an effective de-
scent morphism in the category of topological spaces.

Such maps also occur as surjective submersions in the context of [Nikolaus-Schweigert, 2011].
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2.1. REMARK. (a) Let us remove the word “distinct” from our requirement on .S in Theorem
1.1. This will:

e also remove “one-fold, two-fold and”, since it will make one-fold and two-fold intersec-
tions special cases of three-fold intersections;

e make so modified Theorem 1.1 formally weaker by forcing each U, to become path-
connected.

However, this formally weaker version of Theorem 2.2 is actually easily equivalent to it.

(b) Consider the above-mentioned coproduct F of the family (B))aca and the associated func-
tion p : £ — B. Since the fundamental groupoid functor 7, preserves coproducts, we can write
|l\ea m1(Bx, S) = m(E,S) and

| | m(B\N B, S) =m(E x5 E,S)

A LEA

which immediately suggests the formulation of the following Main Theorem 2.2. The proof,
as in [Brown-Salleh, 1984], is by verification of the universal property; for this purpose, we do
not even need to know that coequalisers exist in the category of groupoids, nor how to construct
them. However the details of the construction may be found in [Higgins, 2005, Brown-Higgins-
Sivera, 2011].

2.2. THEOREM. Letp : E — B be a locally sectionable continuous map of topological spaces,
and S a subset of B such that the inverse image F xg E xXg E Xg S of S under the canonical
map F xgp EE xg E — B meets every path-component of E Xg E Xg E. Then there is a
coequalizer diagram in the category of groupoids

m(E x5 E, S) #m(ﬂS) (B, S),

in which the functor vy is induced by p : E — B and the functors «, [ are induced respectively
by the first and the second projections p,ps : E Xg E — E.

Note that our assumption on path-components of F X g I/ X g I/ implies similar assumptions
on path-connected components of £/ and of £/ X F.

The rest of this section, where we will use notation and assumptions of Theorem 2.2, will
be devoted to its proof.

Let U be the set of all open subsets U of B such that the map p~!'(U) — U induced by p
has a continuous section, and let us fix a U-indexed family

(sv: U= p " (U))veu

of such sections. After that we introduce
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2.3. DEFINITION. A weighted path (in (B, S)) is a system (f,n,t,U, g), in which:
o f:[0,1] — Bisapathin B with f(0)and f(1) in S;
e n is a (non-zero) natural number;

o t =(ty,...,t,) is a sequence of n + 1 real numbers with0 =tq <t; <...<t,=1;

U = (Un,...,U,) is a sequence of n open sets from U with f([t;_1,t;]) C U;, or, equiv-
alently [t;_1,t;] € f~Y(U,), for eachi = 1,... ,n; the map [t;_1,t;] — U; induced by f
will be denoted by fy ;, or simply by f, if there is no danger of confusion;

® g=1(91,-..,9n1) is a sequence of n — 1 paths [0,1] — E xp E with
gz(o) == (SUif<ti)a SUiJrlf(ti))

and g;(1) in the inverse image (Ex g E) x5S of S under the canonical map ExgE — B,
foreachi=1,... ,n—1.

We will also say that (n,t,U, g) is a weight of f.

From the definition of U, the fact that the inverse image F xg F xg S of S under the
canonical map £ x g E — B meets every path-component of F X g E, and the fact that [0, 1] is
a compact space, we obtain:

2.4. LEMMA. Everypath f : [0,1] — Bin B, with f(0) and f(1) in S, has a weight. Moreover,
for every non-zero natural number n and every sequence of n + 1 real numbers with 0 =ty <
t1 <...<t,=1landeach f([t;_1,t;]) (i=1...n)insome U € U, a weight (n,t,U, g) for f
can be chosen with the same n and t = (to, . .., t,), and even with each U; chosen in advance.

Our next definition and the following lemmas show why weights are useful. Here and below,
the morphism (in a suitable fundamental groupoid) determined by a path f will be denoted by
[f] (not to be confused with, say, [0, 1] or [t;_1, t;]). Moreover, we will do same when the domain
of fis notjust [0, 1] but any [t,¢'] with t < t'.

2.5. DEFINITION. For a weighted path (f,n,t,U, g), the associated sequence of morphisms
inm(E,S) is the sequence (h,, ..., hy) in which:

o hn = [pigi][sv, fil;
o hi = [pgillsv, fillpagia] 7 if2 <i<n—1;
® hy = [su, fa][P2gn—1]"".

Here we use composition of maps inside square brackets and composition of morphisms in
m1(F) outside them (in the order used in category theory).

The following diagrams in the groupoid 7 (E) (which are not diagrams in 7 (F, S)) help
to understand this definition:
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[su, f1] [p1g1]
st F(0) = su, F(to) —> st F(t1) 22 prga (1),

[p29: [su, fi] (P19
p2gi—1(1) p20i1 su, f(ti—1) s sy, f(t:) —g>p19i(1)7

[pP2gn—1] [sU, fn]
2 st f(tn1) s, f(tn) = s f(1).

Let GG be an arbitrary groupoid and § : 71 (E,S) — G an arbitrary functor with dcv = 65.

p29n—1(1)

2.6. LEMMA. Let (h,, ..., h1) be as in Definition 2.5. Then:

(a) The sequence (0(hy),...,0(h1)) of morphisms in G is composable; in particular this
applies to & = ~y, making (y(hy),...,v(h1)) a composable sequence of morphisms in
™1 (B, S)

(b) Y(hn) ... 7(h) = [f].

PROOF. (a): We need to show that the domain of §(h;1) is the same as the codomain of §(h;),

forevery i = 1,...,n — 1. Writing dom and cod for domain and codomain, respectively, we
have:
dom(d(hi1)) = d(dom(hiry))
= d(dom([p1gisi][sv.., firallp2gi] ™))
2 5(cod([pagi)))
= 0(pagi(1)) = 6(prgi(1))
= d(cod([p1gi])) = d(cod([prgillsv. fil[p29i-1]7")) = d(cod(hi)) ,

where equality (i) holds because all calculations inside 7 (¥, S) can equivalently be made in-
side 7 (F); and equality (ii) holds since (p1g:(1),p29:(1)) = g¢;(1) belongs to E xp E and
da = 9.

(b): Here we in fact need a calculation in 7 (B, S), in which we can replace 7y : m (E,S) —
m (B, S) with m1(p) : m1(E) — m1(B). This allows us to present y(h,,) . ..~y(h;) as the com-
posite of

F0) = F(to) 2L pray) 22t

[pp2gi—1]~1 [fi] [pp gi] [pp2gi] [fiv1] [PP1git1]
LS f(tio) — f(t;) —= - pp19i(1) = pp2gi(1) > f(t:) & f(tis1) e

Sl ) L pe) = (1),

where we use the fact that, for each i = 1,...,n, the image of [sy, fi] : su, f(ti—1) = su, f(t:)
under 71 (p) is [f;] : f(ti—1) — f(t;) (since sy (U € U) are local sections of p). After that, note
also that [pp1g;] = [pp29i], and makes the composite above equal to [f,,] ... [fi] = [f]. "
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2.7. LEMMA. Let (f,n,t,U,g) and (f,n,t,U,g') be weighted paths and (hy,...,hi) and
(hl, ..., hY) their associated sequences of morphisms in m1(E,S). Then

S(hy) ... 8(h) = 6(h.) ... 8(K,) .

PROOF. We can assume, without loss of generality, g; = g, foralli = 1,... ,n—1except: = k,
for some k. Assuming that we only need to prove the equality 0(hy41)d(hr) = d(h),1)d(hy,).
There are three cases to consider, kK = 1,2 < k <n —2,and £k = n — 1, but we will consider
only second case (since two other cases can obviously be treated similarly). We have:

@) 6([prgellprgr] ™) = da([grllgr] ™) : da(gi(1)) — da(gr(1)) in G, where, although we
compose morphisms in 7 (E) and 71 (E x g E), the results [p1gx][p1g;] " and [gx][g}]
belong to 71 (£, S) and 71 (E x g E, S), respectively;

(b) similarly, 5([pags][p29;]™") = 08([gxl[gi) ") : 68(g1.(1)) — dB(gk(1)) in G;
(c) since da = 63, (a) and (b) imply d([p1gk][p19;]™") = 3([p2gi][P291]~");

(d) In G’ we compute:
6([p2gk) (P29 )0 (P19l prgr] ") = 0([p29k) [P295] ) (0([Prr)[P10k) ™) ™" = Lsaan(r)) = Losiara))

Using (d) we calculate:

O(hi1)0(he) = 0([Prgrsa] (5 frra][P2gk) )0 ([Prgr) [50, fr] [P2gk-1] ")
= 3([pr1gk1]lsU0s frirl[P298) " [D29k] [P29%) =)0 ([Prgr][P19k] " P19k][50, fil P29k 1] )
= ([prgrsil[svis frrilp2g:) )0 (P19 [sv, fil [P2gk-1] )
= 0([P19ps)[sUss Fea] [P291] )0 (D195 [su, fel P29 117 Y)
= 0(hjy1)0(hy,).
This completes the proof. n

The following lemma is stronger, but it uses Lemma 2.7 in its proof.

2.8. LEMMA. Let (f,n,t,U,g) and (f,n',t',U’, g') be weighted paths and (h,, ..., h1) and
(hl,, ..., W) their associated sequences of morphisms in 1 (E, S). Then

S(hn) ... 5(hy) = 8(h.,) ... 8(K,).

PROOF. We can assume, without loss of generality, that {¢,...t,} N {t,...t,} = {0,1}.
Indeed, using the second assertion of Lemma 2.4, we can choose a weight (n”,t”, U", ¢")
for f with {to...t,} N {th...t",} = {0,1} and {t...t.,} N {t&...t",} = {0,1}, and
then 6(hy,)...0(h1) = 0(RY,)...0(hY) and 6(h.,)...d(h}) = d(h”,)...0(RhY) would imply
d(hy) ... 0(h1) = 6(h.,)...d(k)) (in obvious notation).

After that let us introduce the following notation:

e n=n+n —1.
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o {fo,.. day={to.. .t} U{th.. .t}

e fis the restristion of f on [t;_1,%;]; accordingly, we will not abbreviate fy; as f; in this
proof. Note that: (a) f; = fy,; when t; = = t; and ti 1= ti—1; () fi = furi when ¢; = t;

and gz’—l = t;‘—l'

{1,....n—-1}—=A{1,....n = 1}
are the maps defined by
o(i) =min{j € {1,...,n'} |t; <tj} and ¢'(i) = min{j € {1,...,n}[t; <t;}.

® (1, @2, and g3 are the three projections £ xg F xgp E — F.
Let us also choose paths 7; : [0,1] = E xp E xg E (i=1,...,n— 1) with
T'(O) = (SUjf( ) ( >f<t) SUj+1f(tj))7 lftz = tjv
! (sU]/_f(t ), Su, f(t’) sut, f(t;)), ift; = t;-,

¢’ (4)

and r;(1) in the inverse image (E xp E Xp E) X S of S under the canonical map
FE XB E XB E— B,

foreach? = 1,...,n — 1; such choices are possible by our assumption on path-components of
E xp E xp E in Theorem 2.2. B B
Using this data we define morphisms hy, ..., h; in 7 (E xg E,S), by

( [{a1r1, qar)][(sus fr, SU/f1>] ifi=1and; = t,
[(q2r1, ur1)][{s0, f1, 507 f1>], ifi=1and#; =t
Karris qara)l[(su; fis sur fi)ll{asrios qari1)] 7, lfl <i<n, b=t andt;  =t; 4,

i [<q27"i7Q17’i>H<5U¢/(]>f173U i)ll{gerion, gsri )] if 1L <<, b = t' and; =1} ,,
v [<q1ri,qgri>“<sU fi, SUW Iqori1, gsrica)] 7t if 1 <i <, t; = tj, and tig =1t ()10

[{qari, qlrm[(s%,(j)fi, SUjfl>H<Q37”i_1, @rio)] L ifl<i<n, t; = t;, andt;_; = = ty()—-1,
[(sv,. fa sur, fa)ll{asra—1, gara-1)], if i = 71, and b1 = tu1,

L [(sv. f, 3U;,fﬁ>”<¢]2rﬁfla Gsr-1)), if i =7, and 5y = ¢),_,

Here we omitted routine calculations to show that the composites involved are well defined in
m1(E x g E), and similar routine calculations show that

(a(hq). ..., 0a(h)) = (88(ha), ..., 658(h))

is a composable sequences of morphisms in G.
Our aim is to prove that

8(hy) ... 0(hy) = 6a(hy) ... 6c(hy) = 6B(hi) ... 08(hy) = 8(RL) ... 8(h%),
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but since the middle equality is trivial, while the first and third one are similar to each other, it

suffices to prove the first equality.
Let x : {0,...,n} — {0,...,n} be the map defined by x(j) =i < t; = ;. We have

da(hy) ... 6a(hy) = dalhymy) .. 6a(hym_1y11) - - - 0a(hy,) ... da(hy),
and so to prove the desired first equality above it suffices to prove the equality
o(h;) = 5a(iLx(j)) = -504(}~Lx(j—1)+1>> (1)

forevery 7 = 1,...,n. Letus do it assuming 1 < j < n (since in the cases j = 1 and j = n it
can be done similarly, but with a bit shorter calculation). For, putting x(j) = 4, we observe:

(@ If x(j) = x(7 — 1) + 1, we have

5a(hx(1) Sahy-ny4) = &V@XU))
da([{qiri, gari)] [<3Uj iy SU;U)fiﬂ [(gz7i1, Q27“i71>]_1)

= M[qril[su, fillasri—a] ™),

where the second equality follows from the third line in the definition of ;.

(b) If x(j) = x(5 — 1) + 2, which gives

b2 = by =t andthen &)1 =ty = top)1s

e have

00 (hgs)) - - dalhy(j-1y1) = Sar(hy(g))de(hygy-1)

= oo ([(%ﬂ&hﬁﬂ (su, waUw]L i[{g2ri- 1761572 ]7héalhy)-1)

= ([qrrillsv, filldaria] )0 (hnz)-1)

:5([Q1T‘ZHSUszHQ2TZ 17 Doa([(gzri-1, airi-1)][(s SU1 (w()—1) fi-1,s fz D] [(gs7i-2, 2ri2)] ™)
= d((qurillsv, Fllazria])0([aarimi]lsu, ) fimi llga7i—] ™

= (arrilisv, ] (garicrsu Sl ldorical )

:5([6117%“% fillsv, fisallgsria] ™),

— the second equality follows from the fifth line in the definition of hi;

— the forth equality follows from the sixth line in the definition of h; with i replaced
with? — 1;

— the sixth equality follows from the equation ¢'(¢(j) — 1) = j, while this equation
is easy to check having in mind that tfp(j)fl = fx(j),l and t; = fx(j);

— the last equation follows from the fact that
([q17i][sv, fi] [qoria] 7Y, [QQTz‘—l][SUjfi—l][Q3Ti—2]71)

is a composable pair of morphisms in 71 (E, S).
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(c) Similarly, whenever x(j) > x(j — 1) + 2, one can show that dav(hyj)) - . . 6a(hy(-1y+1)

is given by
d([arrxlsu, frllsu, eyl - - [su, feiy+2lls, fopllasran -
Now, since (inside 71(£)) we have [sy, fy(j)] - - [su, fx()+1] = [sv,fu,]. to prove (1) it

would suffice to prove the equality

p19;]lsv; fu ilp29i-1]7" = lairw)lsu, follasryp) ™ (2)

Moreover, thanks to Lemma 2.7, in proving (2) we are allowed to change the component g of
the weighted path (f,n,t, U, g). But this makes the equality (2) trivial, since we can define g
by g; = (17x(j), G37x(j))» Which makes p1g; = qi7y(j) and pagj—1 = @37y ()- m
2.9. DEFINITION. Let P = (f,n,t,U, g) and P' = (f',n',t',U’, g') be weighted paths with
f(0) = f(0), f1) = f/(1),n=n"t =1t and U = Q’ A homotopy H:P— Plisa
continuous map H : [0,1] x [0, 1] — B with

(@) H(t,0) = (), H(t,1) = f'(), H(O,¢) = F(0), H(0,1) = £(0) for everyt € [0, 1];

(b) H([ti—1,t;] x [0,1]) CU,, foreachi=1,...,n
We will say that P and P' are homotopic when such a homotopy H : P — P’ does exist.

2.10. LEMMA. Let (f,n,t,U,g) and (f',n',t',U’, g') be homotopic weighted paths, and let
(hn, ..., h1) and (k... h) be their assoczated sequences of morphisms in 7 (FE,S). Then

d(hy) . ..5(h1) =0(h, )...6(h’).
PROOF. Thanks to Lemma 2.7, we can change g and g’ as it will be suitable for our argument.

We will not change ¢, but, given a homotopy H : P — P, assume that [g;] (1 = 1,...,n — 1)
is the composite

_H]

(SUz'f(ti)? 5Uz‘+1f(ti)) (SU f/( ) 8Uz+1f/( )) Lﬂ)%ﬂ)?

where H; is a path in £ x g E defined by H;(t) = (sy,H (t;,t), su,,, H(t,1)).
For 2 <7 < n — 1, consider the diagram

[p29;_4] [su, f1] [p19}]
Pagi1 (1) s (1) —== s, f(8) ——= prg(1)
[p2H¢—1}T T[Ple‘]
su, f(tiz1) [ su, f(t:)

SUZfz]

in 71 (E). Since its square part represents (up to ordinary homotopy) the boundary of the sy, H-
image of the rectangle [t;_1, ;] x [0, 1], we obtain

[sv.fi] = [p1Hil[sv, fil[p2 Hia] ",
which gives h; = hj, according to the second formula in Definition 2.5 and our choice of g.
Proving that h; = R for i = 1 and ¢ = n is similar (and a bit shorter). Hence 6(h,,)...d(h1) =
d(h.,)...0(Rh}), as desired. "
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2.11. LEMMA. Let f and ' be paths in B with endpoints in S and [f] = [f'] in m (B, S5).
There exists natural numbers m and n, weighted paths P* = (f',n,t,U%, ¢") (i = 1,...,m)
and P" = (fin,t,U". ¢y (i = 0,...,m — 1) with f* = f, f' = f, U~ = U’ and
homotopies H' : P'""1 — P (i =1,...,m).

PROOF. [f] = [f’] means that there exists H : [0, 1] x [0, 1] — B satisfying condition (a) of
Definition 2.9. Then, according to Lemma 6.8.5 in [Borceux-Janelidze, 2001], there exist finite
sequences g, . . . , T,,, and Yo, - . . , Y, of real numbers with

e 0= <..<zp=land0=yy < ... <y, =1,
e forevery (i,7) € {1,...,m} x {1,...,n}, there exist U ;) € U with

H([?Jj—layj] X [371717%‘]) C U(i,j)-

Using these sequences we can define
o fiby fiy) =H(y,2:) (i =0,....m),
e tbyt;=y;(j=0,...,n),
e U'byU'; =Uyj(i=1,...,mandj =1,...,n),
0U_’ibyU_’ij:U(Hl,j)(i:O,...,m—landj:1,...,n),

and choose g_o ;o-, g™ and g_’o ,. .., g™ arbitrarily (see the last part of Lemma 2.4). It remains
to note that H induces homotopies H* : P! — P' (i =1,...,m) via [r;_1,7;] ~[0,1]. =

Now, following Lemmas 2.7 and 2.8, we make their strongest version:

2.12. LEMMA. Let (f,n,t,U,g) and (f',n',t',U’, ¢') be weighted paths with [f] = [f'] in

m(B,S), and (hy,...,hi)and (L., ..., h)) their associated sequences of morphisms in i (E, S).

n'y

Then 5(hy) ... 8(h1) = 6(K.,) ... 5(h,).

PROOF. Let us write P = (f,n,t,U, g), 0(hy)...0(h1) = 0[P}, and use similar notation for
other weighted paths. Using weighted paths P (i = 1,...,m)and P" (i = 0,...,m — 1) from
Lemma 2.11, we see that

e §[P] = §[P"] by Lemma 2.8;
e 0[P"°] = §[P'] by Lemma 2.10;
e §[P'] = 6[P"] by Lemma 2.8 again, and so on.

This gives d[P] = §[P'], as desired. =
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Lemma 2.12 easily implies that sending [f] to §(h,,) ...d(hy), where (h,,, ..., hy) is as in
Definition 2.5, determines a functor ¢ : 71(B,S) — G, and, to prove Theorem 2.2, it remains
to prove that it is the unique functor with ey = 9.

To prove the equality ey = §, we chose:

e any path e in £ with endpoints in E x5 S = p~1(S5);

e atriple (n,t,U) as in Definition 2.3 with f = p(e), e; denoting the restriction of e on
[ti—1,t;], and f; denoting the map [t;_1, ;] — U; induced by f;

e paths7; : [0,1] = ExgExgE (i =1,...,n—1) withr;(0) = (s, f(t:), e(t:), su,., f ()
and r;(1) in the inverse image (F Xp E X F) xg S of S under the canonical map

EXBEXBE%B,

for each ¢ = 0,...,n (again, such choices are possible by our assumption on path-
components of ¥ X g /¥ X E in Theorem 2.2).

Then, using the weighted path (f,n,t,U,g), in which g; = (q73,¢3:), and its associated
sequence h,,, ..., hi, we can write:

ev(le]) = e([f]) = 0(hn)...0(h)
= 0([sv, fallP2gn-1]"") - .. 0([prgillsv, filp2gi—1) ) - - 6([prgn][sun f1])
= O([sv, fullasrn—a]™") .. 0([qurd[sv, fillasri—a]7Y) - .- 6 ([qrm][sv, fu])-

In order to complete this calculation, note that:
(@) psu,fi = pei, pasri = pgari, and pgir; = paar;
(b) as follows from (a), (sy, f;, €:), (qs7i, ga13), and (q17;, gor;) are paths in E;
(c) thanks to (b), we can write:
d([sv, fullasra—]™")
S([qrril[su, fillgsria] ™)

§([qrm][sv, fi])

a([(sv, fus en) (@371, @2rn-1)] ")

B([(sv, fus en) (@370 -1, @2rn-1)] ") = d([en)g2rna] "),

a([{qrri, g2ra)][(sv, fis €a)][{gari-1, qori1)] 1)

op ([<Q1T1,Q2T1>][<SU Jis 1:>H<Q37“1 15 q2Ti— 1” 1):5([@2%][61'][(127”1'—1]71),
a([(qr1, o) [(sv, f1, €1)])

Blarr, 2r)l[{sv fi,e1)]) = 6([gar][ea]);

(d) the sequence [e,][qgorn_1]7t, ..., [@erillei][qeri] ™Y, - . ., [q2r1][e1] is a composable sequence

of morphisms in 71 (E, S), and so

S(len)lgarn—1]7") ... 0([gard[eillgard =) - . . 0([q2r1][ea])
= 0(len)[g2rn] " - gerdledlgars] - lgaml[en]) = d([en] - . - [ea]) = d([e]).
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That is,

ev(le]) = d([sv, fullasrna]™") .. 0([qarillsu, fillgsria]™Y) - - 0([qur][su, fu])
= O([eallgern—1]"") .. 0([gerilledlgar] ~") - - - d([qari][ea]) = ([e])

(where the second equality follows from (c)), which proves that ¢ satisfies the equality ey = 9.
The uniqueness is easy: for any functor € : 71 (B, S) — G with ¢’y = ¢, and any path f in
m (B, S), we have:

() = (v(hn) ... A1) = €9(hn) ... €v(h1)) = 6(hy) ... 6(h1) = e([f]),
where:

e (hy,...,hy) is the sequence of morphisms in 71 (£, S) associated with any weighted path
constructed for f, which does exist by Lemma 2.4.

o the first equality follows from Lemma 2.6(b).

This completes our proof of Theorem 2.2.

3. Additional remarks

In what follows, Set, Top, and Grpd denote the categories of sets, of topological spaces, and
of groupoids, respectively; A denotes the simplicial category, and, accordingly, Set®”” denotes
the category of simplicial sets.

Taking S = B in Theorem 2.2 we obtain:

3.1. COROLLARY. Let p : EE — B be a locally sectionable continuous map of topological
spaces. There is a coequalizer diagram

m(E x5 E) ?m(E) — > m(B),
in Grpd, in which the functors «, 3, and v are induced respectively by the first and the second
projection ¥ xg E — FE, and by p.

3.2. REMARK. Let us mention a couple of much easier counterparts of Corollary 3.1:

(a) Suppose p : £ — B itself is sectionable, that is, p is a split epimorphism in Top. Then
the diagram
ExgE—F——20B,

becomes an absolute coequalizer diagram, that is, it is preserved not just by 7, but by
every functor defined on Top. In particular, this is the case when p is a trivial fibre bundle.
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(b) More generally, suppose the image S“(p) of p : E — B under the singular complex
functor S : Top — Set®” is an epimorphism. Then the diagram of Corollary 3.1
is again a coequalizer diagram since: (i) the functor S® being a right adjoint preserves
pullbacks, and so

SAE x5 E) —= SA(E),

is the kernel pair of S (p); (ii) every epimorphism in Set®” is a coequalizer of its ker-
nel pair; (iii) the fundamental groupoid functor Set®” — Grpd being a left adjoint
preserves coequalizers, and, composed with S2, gives the fundamental groupoid func-
tor Top — Grpd. Moreover, our assumption here can be weakened by using certain
truncated simplicial sets instead of all simplicial sets.

Corollary 3.1 could be called the ‘absolute case’ of Theorem 2.2. The ‘opposite extreme
case’, which seems to be a new simple way of calculating the fundamental groups of some
topological spaces is:

3.3. COROLLARY. Let p : EE — B be a locally sectionable continuous map of topological
spaces, and x an element of B such that the inverse image (E xg E xp E) X {x} of x under
the canonical map ¥ xg E X E — B meets every path-component of E xg E X E. Then
the diagram

m(E x5 E, {z}) # (B, {z}) —=m (B, z),

in which the functors «, 3, and 7y are induced by the first and the second projection E X g E —
E, and by p, respectively, is a coequalizer diagram in Grpd.

3.4. REMARK. When B is a ‘good’ space admitting a universal covering map p : &£ — B, the
groupoids 71 (E X p F) and 7 (FE) are coproducts of indiscrete groupoids. Therefore Theorem
2.2 and Corollaries 3.1 and 3.3 present 7, (B, S), m1(B), and 7, (B, x), respectively, as colimits
of indiscrete groupoids.

3.5. REMARK. Since the fundamental group(oid) of a space B does not in general classify
covering spaces over B, one cannot deduce Theorem 1.1 from the results of [Brown-Janelidze,
1997] based on categorical Galois theory [Janelidze, 1991]. Nevertheless, a detailed comparison
of the two approaches would be desirable, especially since all locally sectionable continuous
maps are effective descent morphisms in Top. In particular, it would be interesting to answer
the following questions:

(a) What is a necessary and sufficient condition on p : £/ — B under which the diagram
considered in Corollary 3.1 is a coequalizer diagram in Grpd?

(b) Compare the diagrams considered in Theorem 2.2 and in Corollary 3.1. In general there
is no way to conclude that the first of them is a coequalizer diagram whenever the second
one is. What are reasonable conditions on p : £ — B under which such conclusion can
be made?
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4. Theorem 1.1 almost implies Theorem 2.2

Let Top, be the category of pairs (X, A), where X is a topological space and A is a subset of
X. In the notation of Section 2, consider the diagram

(E XBEXBE, XBE,,S):.)(E XBE, XBE,,S)—>(E, XBE/,S)

| | |

(E XBEXBEI,S) (E XBE/,S) (E’,S)
(E x5 E, S) (E, S) . (B, S)

in Tops, in which:
e F'is the coproduct of all elements of U, and p’ is induced by all the coproduct injections;

e presenting pairs we use the same convention as for the fundamental groupoids, that is, we
write (E, S) instead of (E, £ x5 S), etc.

e the bottom right-hand square is a pullback and all unlabeled arrows are obviously defined
canonical morphisms.

We observe:

(a) Once the columns of this diagram satisfy the triple intersection assumption of Theorem
1.1, each of them is carried to a coequalizer diagram by the fundamental groupoid functor
Top, — Grpd.

(b) The first two rows of this diagram are absolute coequalizer diagrams (for the same reason
as in Remark 3.2(a)).

(c) As follows from (b), the first two rows of this diagram are also carried to a coequalizer
diagram by the fundamental groupoid functor Top; — Grpd.

(d) Under the assumption made in (a), Theorem 2.2 follows from (a) and (c).

That is, under a mild additional condition, Theorem 2.2 can be deduced from 1.1 using the
pullback of p and p’ above and simple purely-categorical arguments. In particular, this mild
additional condition obviously holds when S = B.
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