
T -complexes and crossed
complexes

By N. Ashley1

Keywords: T -complex, Simplicial set, Cubical set, Homotopy, Kan com-
plex, ω-groupoid, Filtered complex, Dold-Kan theorem, Chain complex, Simpli-
cial group, Homotopy system, Filtered space, Fundamental group, Fundamental
groupoid.

Introduction: This thesis is concerned with the development of the theory
of T -complexes and their applications to topology.

Recently R. Brown and P.J. Higgins have been working on generalisations of
the theorem of Seifert-van-Kampen to two dimensions [4] and to higher dimen-
sions [3]. In their generalisation the space with base point of the Seifert-van-
Kampen theorem is replaced by a filtered space X : X0 ⊂ X1 ⊂ · · · ⊂ Xn ⊂ · · ·
and the fundamental group (or more generally groupoid) is replaced by the ho-
motopy crossed complex π∗(X) which in dimension n ≥ 2 is the usual relative
homotopy groups πn(Xn, Xn−1, a) (a ∈ X0) and which has the usual boundary
maps and operations of the fundamental groupoid. There is in fact a category
C of crossed complexes which have the formal properties that π∗(X) enjoys, and
this category includes the category of chain complexes of modules over groups.
We note that crossed complexes were originally defined by Whitehead [5] and
called by him homotopy systems.

A crucial aspect of the work of [3] is to replace the crossed complex π∗(X) by
what the authors call an ω-groupoid ρ(X), see [2], and a key result of their theory
is that the categories of ω-groupoids and of crossed complexes are equivalent.
The ω-groupoid ρ(X) behaves better with regard to subdivision and concepts
such as the homotopy addition lemma, than does π∗(X).

In [2] ω-groupoids are defined as certain cubical sets with extra elements of
structure. However because of the importance of simplicial theory for mathe-
matics it has seemed desirable to have a simplicial version of ω-groupoids.

The key step for this was taken by M.K. Dakin [1] in defining a T -complex.
T -complexes are special Kan complexes K with certain special elements in each
dimension for n ≥ 1. These special elements are called thin and satisfy the
following three axioms:

T.1 Every degenerate element is thin.

T.2 Every box in K has a unique thin filler.
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T.3 A thin filler of a thin box has a thin shell.

( By a box in K is meant a collection of elements x0, . . . xi−1, xi+1, . . . , xn such
that xj ∈ Kn−1 for j 6= i and these elements are to satisfy the compatibility
condition dkxj = dj−1xk for j > k and j, k 6= i. )

The three axioms for a T -complex were first stated by Dakin as an analysis
of properties of the nerve K of a groupoid. For such a K every element of Kn

is thin for n > 1.
Dakin [1] showed also how to associate a crossed complex to a T -complex.
In chapter 1 we prove the important result that the categories of T -complexes

and crossed complexes are equivalent. The proof is an generalisation of the the-
ory of Dold-Kan relating simplicial abelian groups and chain complexes. How-
ever our proof is considerably more complicated than that of the Dold-Kan
theorem as among others it incorporates the relative homotopy addition lemma.

The theory developed in chapter 1 shows that T -complexes have a very rich
algebraic structure and this is one reason for investigating such objects.

In chapter 2 we define the notion of a special filtered Kan complex. Given a
filtered Kan complex K : K0 ⊂ K1 ⊂ · · · ⊂ Kn ⊂ · · · we show how to associate
a Kan complex R(K) and a T -complex ρ(K) to such an object.

We relate this theory to the work of R. Brown and P.J. Higgins [3]. They
construct for a filtered space X : X0 ⊂ X1 ⊂ · · · ⊂ Xn ⊂ · · · a cubical Kan
complex R(X) and by imposing a relation of filtered homotopy on R(X) obtain
a cubical T -complex, provided each loop in X0 is contractible in X1. We show
in the simplicial context that the analogous R(X) can be given the structure of
a special filtered Kan complex K such that R(K) = R(X) and ρ(K) = ρ(X).
This gives the important geometric example of a T -complex.

A consequence of our results is that, in analogy to the Brown-Higgins result,
the crossed complex associated to the simplicial T -complex ρ(X) is essentially
the homotopy crossed complex π∗(X).

In chapter 3 we apply our theory developed in chapters 1 and 2 to the
category of simplicial groups. This category has found many applications in al-
gebraic topology and other areas. This suggests the question of the relationship,
if any, between T -complexes and simplicial groups.

In this chapter we define the notion of a group T -complex in the category
of simplicial groups and obtain an explicit formula for determining when a
simplicial group is a group T -complex. It then turns out that every simplicial
abelian group is a group T -complex.

We next show that every T -complex contains a group T -complex and this
leads us to define a new category whose objects are certain group T -complexes
over a groupoid. We then show that this new category is equivalent to the
category of T -complexes.

Finally in chapter 4 we prove some miscellaneous results about T -complexes.

Appendix: (reprint from page 76 to ensure legibility)
The proof of the uniqueness in theorem 9.1 of chapter 1.

Let f, f̄ : (J, S) → (K,T ) be two morphisms of T -complexes agreeing on
N(J, S). Then we must show that f = f̄ . We use induction. We assume that
fi = f̄i for 0 ≤ i ≤ n− 1. Then we must show that fn = f̄n. By theorem 9.1 for
u ∈ Jn−1 f

u
n = f̄un . But for x ∈ Jn, sn−2xnxI[xn−1] ∈ Js

nn−2dn−1xn and so we



have that fn(sn−2xnxI[xn−1]) = f̄n(sn−2xnxI[xn−1]). Then by 7.8(1) of chap-
ter 1 it follows that sn−2fn−1xnfnxI[fn−1xn−1] = sn−2f̄n−1xnf̄nxI[f̄n−1xn−1].
Now by our inductive hypothesis and lemma 8.4 we have that fnx = f̄nx as
required.














































































































































































