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Introduction

Ix a previous paper (4) I defined ten product topologies on X X Y. In
this paper five of these products are applied to problems on function
spaces. All spaces will be Hausdorff spaces.

The exponential law for function spaces with the compact-open topo-
logy is discussed in§ 1. The main result (Theorem 1.6) is that the spaces
XZxY¥ and (X¥)Z are homeomorphic for all X, ¥, Z (in this paper
ZxY will denote the product Zx gY defined in (4), and ZXY will
denote the usual, cartesian, product). Hence the exponential law holds
for ZxY if ZxY = ZxY, and this contains and explains many
known results. We deduce also some new results. For example we
prove that the answer is ‘no’ to Dr. S. Wylie’s question: are the spaces
(X¥)? and (X#)Y naturally homeomorphic?

In § 2 we discuss the law

(XxY)2 = XZ2x7YZ2.
This fails in general for products other than the cartesian.

§ 3 is the most important section. It advertises the category of
Hausdorff spaces and functions continuous on compact subspaces (here
called k-conttnuous functions).

In § 4 the exponential law of § 3 is generalized to the category of
M-ads.

I am indebted to a referee, whose comments stimulated a complete
revision and extension of the original draft, and to Dr. M. G. Barratt
for the inspiration of his conversation and example. I am also indebted
to Dr. W. F. Newns and Professor A. Dold for helpful conversations.

1. The exponential law

In this section X¥ will mean the space of continuous functions ¥ - X
with the compact-open topology (8); XY is a Hausdorff space [(8)
Theorem 7.4].

In this paper we write Z X Y for the cartesian product, Z X Y for
the weak product, and ZxY for the product ZxgY of (4). We shall
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use also the products ZX ¥ and ZX Y of (4). The only properties
of Zx Y needed for the proof of Theorem 1.6 are the following:

[1.1] 4 function f: ZxXY - X 18 continuous if and only if
fH{zIxY, flZxB

are continuous for each z of Z and compact subset B of Y.
(1.2] The natural map

(ZxY)xX > Zx (Y x X)
8 a homeomorphism.

[1.1] is immediate from the definition of the product ZxY [(4) § 3]
and in fact characterizes this product. [1.2], which is a special case of
Theorem 4.7 of (4), allows us to write Zx Y x X for either of the spaces
(ZxY)x X, Zx (¥ xX).

The evaluation map e: X¥ XY — X is defined by

«(fy) =S (feXT,yel).
LevMa 1.3. The evaluatton map 18 continuous as a function
e X¥xY > X.

Proof. Any f of X¥ is continuous, and so ¢ |{f} XY is continuous.
If B = Y is compact, then ¢ | X¥ X B is continuous [(8) Theorem 7.5].
Hence ¢ is continuous on X¥ xY by [1.1].

We next show that the exponential map

p: XZX¥ 5 (X¥)Z
is well defined. Let f € X%4XY and let z € Z; the formula

w)2)Y) =fzy) (yel)
defines a function p(f)(z): ¥ - X.

LeMMA 1.4. p(f)(2) i8 continuous.
Proof. This function coincides with the composition
v gxr L x
where i(y) = (z,¥y), y € Y, and f’ is the restriction of f. Obviously 1 is

continuous, and f’ is continuous by [1.1]. The lemma follows.
By this lemma u(f):Z —+ X7¥ is well defined.

LevmMa 1.5. p(f) 18 continuous.

The proof is given at the end of this section. By this last lemma
p: XZxY 5 (XY)% is well defined.
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THEOREM 1.8. u 18 a homeomorphism.

Proof. The proof uses a standard technique.
By Lemma 1.3 the evaluation map

e: XZx¥x7ZxY > X
is continuous. Hence, from Lemma 1.5, the maps
p = ple): XZ*¥x7Z » XY,
p" = p(p): XZX¥ > (XT)%

are continuous. But it is trivial to verify that u" = x. Hence u is
continuous.

Again, by Lemma 1.3, the composition A = e(ex 1) is continuous,
where hmaps (x7)zxzZxY > X¥xY¥ > X.
By Lemma 1.5, v = pu(h): (X¥)% > X2xY
is continuous. It is trivial to verify that v is an inverse to u. So u is
& homeomorphism.

LeMma 1.7. The tdentity maps

ZXpY >ZXqY >ZXY > ZXp Y >2ZXY
are continuous, and induce embeddings
XZXY . XZ%r¥ _, XZXY _, XZxe¥ . XZ*w?¥

Proof. The first part follows from § 3 of (4). The second part follows
from the first and the fact that all the products have the same compact
subsets [(4) Proposition 3.3].

CoroLLARY 1.8. The exponential map for the cartesian product

po: XZXY 5 (XF)2

18 well defined and a homeomorphism into. Given Z and Y, po 18 onto for
al X sfand only of ZXY = ZxY.

Proof. The first part [which is due to Jackson (7)] follows immediately
from Theorem 1.6 and Lemma 1.7.

Obviously po is onto if ZxY = ZxY. Suppose conversely that
ZxY 5= Zx7Y,ie. that the identity ZxY - ZxY is not continuous.
Let X = ZxY. Then u(l) € (X¥)% cannot lie in the image of np, and
80 u cannot be onto.

CoROLLARY 1.9. p s ondo if (i) Y 8 locally compact, or (ii) Z and ¥
satssfy the first axiom of countability, or (ili) Z and Y are CW -complexes
such that ZxY 18 a CW-complez, or (iv) Z 18 locally compact and ¥ 18
a k-space.
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Proof. By results of (4), ZXY = ZxY in each of these cases.

Cases (i) and (ii) are due to Fox (5), and (iii) is due to Barcus—Barratt
(3); case (iv) is due to Morita (10), as is the following result, which we
deduce immediately from Theorem 1.6 and [(4) Theorem 4.4].

COROLLARY 1.10. Let Z and Y be k-spaces. Then the exponential map
fOT the weakpfodw }Lw: XZxWY_>(XY)Z

13 defined and 18 a homeomorphism. Also the spaces (X¥ )% and (X2)¥ are
naturally homeomorphic.

For our next results we need the following theorem, whose proof is
given in §§ 5, 6 of (4):

THEOREM 1.11. There are spaces Z, Y such that the natural maps

ZxpY—>ZxY, YxZ—>ZxY,
YXZ—~>Yxy,2

are not confinuous.

In the example given, Z is the one-point compactification of a
countable discrete space, and ¥ = RY, where R is the real line and J
is an uncountable discrete space.t

CoRrROLLARY 1.12. In the category of all spaces there 18 no natural map

(X¥)Z > (XZ)Y,

Proof. Suppose that there is a natural map ¢: (X¥)Z > (ZZ)¥. Let

X = ZxY, where Z and Y are as in Theorem 1.11. Then
(ppu)(1): YXZ > ZxY
is the natural map, which is however not continuous.

CoROLLARY 1.13. There are spaces X, Y for which the evaluation map
ep: X¥ X7 Y > X 18 not continuous: that is, there 1s a compact subset
A = XY such that ¢ | A XY 18 not continuous.

Proof. The second statement is equivalent to the first since X¥ X, Y
has the weak topology with respect to {4 XY, X¥ X B} (4, B compact),
and e is always continuous on X¥ X B [(8) Theorem 7.5].

By Theorem 1.6 and Lemma 1.7, the exponential map

pp: XZx1¥ o (X¥)Z
is well defined. It is easy to see that pp is onto if eq: X¥ X, ¥ - X is
continuous.

t A simpler example is to take Z = I (the unit interval) and ¥ the unit interval

retopologized as in Lemma 5.5 of (11).
8605.2.15 R
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Let X = ZxY, where Z, Y are as in Theorem 1.11. Then

n(1) € (X¥)?

cannot lie in the image of uy. Thus py cannot be onto and e; cannot
be continuous.

CoRrOLLARY 1.14. There are spaces Z, Y, X and a function

[1ZxY > X
such that
(i) f 18 continuous on {2} x Y, ZX{y} forallzof Z,y of Y,

(ii) f 18 continuous on all compact subsets of ZX Y,

(ii) p(f): Z - X¥ 18 well-defined but not continuous.

Proof. Since Z X Y has the weak topology with respect to

{C,{z}xY, Zx{y}} (C compact,ze Z,ye¥),
(i) and (ii) are together equivalent to the continuity of f: Zx oY — X.
Given that f is continuous, we can prove as in Lemma 1.4 that
no(f): Z > X¥

is well defined.

Let Z, Y be the Y, Z respectively of Theorem 1.11, so that the identity
ZxY - ZX oY is not continuous. Let X = ZXx 7Y, and let
Then p~1ug(f) is not continuous, and so ugy(f) cannot be continuous.

Remark 1.15. The exponential law is valid also for the product
ZxpY of (4) and the topology of pointwise convergence on XY
(Z X p Y has the weak topology with respect to

{z}xY, Zx{y}:z€ Z,yeY}).

The proof is similar to, but simpler than that of Theorem 1.6. I do
not know of other function space and product topologies for which the
exponential law is valid.

Proof of Lemma 1.5. The following proof is closely related to the
usual proof that p. is well-defined [cf. (5), (2)].

Let g = u(f): Z—> XY. Let W = M(B,U) be a sub-basic set for
the compact-open topology on XY: thus B < Y is compact, U = X

is open, and W ={he X¥: i(B) c U}.

We prove g~(W) is open in Z.
Since B is compact,
k=fl|ZxB:ZxB—->X

is continuous [1.1], and therefore U’ = k-}(U) is open in Z X B.
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Let zeg-Y(W). Then {z}x B = U’. By a standard argument on
compact sets [(8) Theorem 5.12] there is an open set ¥V < Z such that
ze ¥V and VX B c U’. This implies that ze V < ¢g-}(W), and so that
g~ (W) is open.

2. Diagonal maps

For most of this section X¥ will denote simply the set of continuous
functions ¥ » X.

The diagonal map d: X - X x X is defined by d(z) = (z,z) (z € X).
Then d is continuous, and we are interested in conditions for d to be
continuous when X X X has topologies other than the cartesian. It is
convenient to give some simple, and probably well-known, facts in full
generality.

By a natural product of spaces is meant for each X, Y a space X X7,
with underlying set X X Y, and such that:

(i) the projections p,: X X3V - X, p,: X XY > Y are continuous,
() if f: X > X', g: ¥ - Y’ are continuous, then the product map
IXsg: X XY > X' %Y’ is continuous.
For such a product the natural injection
pri (XX Y)2 > X2x Y2
is defined by
pr(h) = (P h, poh), he (XX )2

PrOPOSITION 2.1. Given Z, py 18 ondo for all X, Y if and only if the
diagonal map dy: Z - Z X ¢ Z 18 continuous.

Proof. If dy is continuous, then the formula

7E(f’ g) = (fx Eg)d}: (fe XZ) g € YZ)

defines a function 15 XZXYZ > (X x Y)2.
It is easily seen that ry iz an inverse to py; hence py is onto.

Conversely, if py is onto, then it has an inverse 7;. Let X =Y = Z
and let 1: Z - Z be the identity map. Then

75(1,1) = dy,

and so dy is continuous.

ProposITiON 2.2. Let X, Y be spaces such that X Xy Y # X x Y, and
let Z =X XY. The diagonal map ds: Z - Z X 3 Z i8 not conlinuous.

Proof. The cartesian product has the smallest topology such that the
projections are continuous. Therefore 1: X Xy Y > X XY is con-
tinuous, and 8o X XyY 7% X xY implies that 1: X XY > X X Y is
not continuous.
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The map p: (XXY)2 > XZ2xYZ is a bijection. Let Z = X XY,
then p(l) cannot lie in the image of p;. So py is not onto, and
dy: Z - Z X 3 Z is not continuous.

The question now arises: when is d: Z - Z X Z continuous for the
product topologies defined in (4)? This seems a difficult question except
for the products Xy, Xz, Xp, Xz Xp., when d is continuous if
and only if Z is a k-space. This fact follows easily from the proposition:

ProrosrrioN 2.3. The following statemenis are equivalent:

(1) Z 18 a k-space,
(i) d: Z > Z Xy Z 18 continuous,
(ili) dg: Z > ZX p Z 18 conttnuous.
Proof. We prove that (i) = (i) = (iii) = @).
By § 2 of (4) there is a functor k from spaces to k-spaces such that
XXywY =kXxY) and Z is a k-space if and only if Z = kZ. Now
d: Z - Z X Z is continuous, and therefore

k(d): kZ > ZX 1 Z

is continuous. Hence, if Z is a k-space, diy: Z - Z X Z i8 continuous.
Thus (1) = (ii).
The identity Z x p, Z - Z X i Z is continuous; therefore (ii) = (iii).
Let dp: Z > Z X 5 Z be continuous, and let A = Z be closed in kZ.
Then for each compact subset C = Z, 4 n C is closed in C, and there-

fore (ZXA)N (ZXC) = Zx (AN C)

is closed in Zx C. Hence by definition of ZX zZ, ZX A4 is closed in
Z X pZ. Therefore A = dg*(Zx A) is closed in Z. So Z = kZ.
Remark 2.4. Let the function spaces be given the compact-open
topology. Then, as is well known, p: (X XY )% > X% Y?Z is & homeo-
morphism. However
pr: (XX Y2 >XZ2x,Y?

is in general not even continuous.

For example, let Xy = Xp, let X =Y be a k-space such that
XxXpX %% XXX [cf (4) Proposition 5.3], and let Z have exactly
two elements. Since WZ is then homeomorphic to W X W for any W,
pr induces a map

P (XX X)X (XX X) > (XX X)X (X X X)

such that p' (2, Ty, Tg, Ty) = (X4, Ty, Ty, 7,) (7 € X).
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In the commutative diagram

d/
\ ’
dr™\ P
(XX X)X (XX X)

d’ = dp Xdp. Then d’ is continuous [Proposition 2.3 and Lemma 1.7],
but d, is not continuous [Proposition 2.2]). Therefore p’, and hence also
pr, i8 not continuous. These results show that we cannot obtain a con-
venient category of spaces simply by changing the product topology.

The considerations of this section were suggested by remarks of the
referee.

3. k-continuous functions

The results of § 1, 2 show that the category of HausdorfI spaces and
continuous maps does not have all the formal properties one would like.
Specifically, there is no product topology and function-space topology
such that

XZxY = (XY)Z, (XXY)2 =XZxY*?
forall X, Y, Z. (Another difficulty, discussed in (4), is that the cartesian
product of identification maps is not, in general, an identification map.)

In this section we show that these difficulties disappear in the category
X" of Hausdorff spaces and functions continuous on compact subspaces.
These functions have been called ‘weakly continuous’; we suggest in-
stead the term ‘k-continuous’. It is possible to argue on intuitive
grounds that these k-continuous functions are to be preferred to the
continuous functions; in any case, there is no doubt about their ad-
vantages in practice.

A function f: X - Y is k-continuous if and only if f: kX —» kY is
continuous (where kX is X with the weak topology with respect to
compact subspaces). So instead of generalizing from continuous func-
tions to k-continuous functions we could instead replace each space X
by kX. This would entail replacing the usual subspace, product, and
function-gpace topologies by the corresponding weak topologies. But
it is more convenient to use the category ', and nothing is lost by
this since the functor k sending X to kX defines an equivalence between
X and the category X" of k-spaces and continuous functions.t

t It may be convenient to replace some spaces X by kX : for example, to use
the weak product for the product of CW-complexes.
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We now define some useful concepts in ¥. A map f: X > Y in X
is & k-homeomorphism if f is an equivalence in X, which means that
[ is & k-continuous bijection with k-continuous inverse. Amapf: X - Y
is a k-identification map if for all Z and all functions g: ¥ > Z, ¢ is
k-continuous if gf is k-continuous. It is easily proved that f: X - Y is
a k-identification map if and only if k(f): kX — kY is an identification
map.

The ten products defined in (4) are all equivalent in the category X,
and so0 it does not matter which one we use. We therefore make the
obvious choice, and use the cartesian product. This product is a functor
in X since if f, g are k-continuous, then k(fXg) = (kf) Xy (kg) [(4)
Proposition 2.8] is continuous, and so fx g is k-continuous.

ProposrrioN 3.1. If f, g are k-identification maps, then fXxg 18 a k-
wdentification map.

Proof. Since kf, kg are identification maps, so i8 kf X i kg [(4) Corol-
lary 4.9]. But kfX g kg = k(fXg) [(4) Proposition 2.8]. Hence fXxg
is & k-identification map.

In this and the next section XY will denote the space of k-continuous
functions ¥ — X with the compact-open topology. The usual function
space of continuous functions ¥ - X will be denoted by F(Y, X); since
Y and kY have the same compact subspaces, we have the equality of

8paces X¥ = F(kY, X). (3.2)

THEOREM 3.3. The exponentsal map

p: X2*Y 5 (X¥)2

18 defined and 18 a homeomorphism.

Proof. By Corollary 1.10 the exponential map

pw: F(kZ X 5 kY, X) > F(kZ, F(kY, X))

is & homeomorphism. The theorem follows from (3.2) and the fact that
kZXwkY = KZXY).

We now show that XY is & functor in X and in Y. Let f: W > X,

g: Y - Z be k-continuous functions. By composition, these functions

induce functions
f¥: WY 5> XY, Xo: X2 > XY,

ProrosrTioN 3.4. f¥ 18 k-conttnuous, and X9 is continuous.
Proof. Let f' be the composition

wrxy > w1l x.

Then f’ is k-continuous, and hence so is f¥ = u(f’): W¥ —» XTI,
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A similar argument shows that X¢ is k-continuous. But the stronger
result that X7 is continuous is easily proved using the definition of the
compact-open topology.

We now suppose that g: Y - Z is k-continuous and onto. Then
X¢: XZ » XY jg continuous and one-to-one.

ProrosrrioN 3.5. If g 18 a proper map, then X9 18 a homeomorphism
wndo.t If g 18 a k-idendification map, then X9 i8 a k-homeomorphism into.
Proof. Let H be the image of A = X¢, and let j: H > X% be the
inverse of A.
We suppose first that g is & proper map, i.e. that
g~l(compact) = compact.
Let M(C,U)={uec X%:u(C) < U}
be a sub-basic set for the compact-open topology on XZ. Then
JHM(C,U)) ={uge X¥:ue X%, w(C) < U}
= {uge X¥:ue X% ugg~Y(C) < U}
={ve H:vg"(C) < U},
which is a sub-basic set for the compact-open topology on H. Thus j
is continuous, and A is a homeomorphism into.
We now suppose that g is a k-identification map. In the following
diagram, 1Xg is a k-identification map (Proposition 3.1),
HxY =+ X

X
1xg

s

,'4 "J
HXZ

€ i8 k-continuous and (1 X g)~! i8 single-valued. Hence there is a unique
map j': HX Z - X such that j'(1Xg) = ¢, and j’ is k-continuous. But
) = u(j’); 80 j is k-continuous, and k is a k-homeomorphism into.

The following useful propositions are easily proved using (3.2):

ProrosiTioN 3.6. The natural map

p: (XXY)2 > X2xY2

15 a homeomorphism.

ProrosITION 3.7. Let Z U Y be the disjoint union of spaces Z and Y
The natural map o: X2UY | XZx XY
18 a homeomorphism.

(It is clear that k(ZU Y) = kZ U kY )

t W. F. Newns Las pointed out that thig holds if g satisfies the condition : for
each compact set C S Z there is a compact set B & Y such that g(B) = C.
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We now discuss homotopies in ¥. Let f, g: ¥ - X be maps in X’;
a homotopy F: f~ g is defined as usual except that F: Y XI > X
need only be k-continuous. From this definition of homotopy we obtain
notions of domination, homotopy equivalence, deformation retract, ete.

ProPOSITION 3.8. Let F be a homotopy f ~ g: ¥ - X. For any space
Z, F induces homotopres f2 ~ g%: Y2 ~ XZ and 2/ ~ Z9: ZX > Z¥.
Proof. The composition F’

1xT 1 F
YZXIXZ -2 YEX IEXT —2 > ¥ [—> X

is k-continuous (7 is the twisting map), and it is eagily checked that
w(F'): Y2x I - X2 ig a homotopy fZ ~ g%
The composition F”

2xx Ix¥ 25 gx oy 1 28 gxux S
is k-continuous, and it is easily checked that
w(P"y: ZXX I > Z¥

is a homotopy Z/ ~ Zs.

CorOLLARY 3.9. In the category X the homotopy type of XV 15 a
homotopy tnvariant of X, and of Y.

For other applications of this kind of technique, we refer the reader
to (11). It is also possible to generalize many theorems in homotopy
theory from locally compact spaces to arbitrary spaces, or from

countable CW-complexes to arbitrary CW-complexes, by use of these
methods.

4. M-ads

In this section we generalize the theorem and propositions 3.3, 3.6,
3.7 to the category of M-ads (9), where M is an arbitrary indexing set.
The theory of M-ads has something in common with carrier theory
(12).

The motivation of the definitions which follow is in part obtained
from the theory of spaces with base point. L, M, N will denote index-
ing sets, possibly empty. An ‘M-ad’ X = (X; M) will consist of a space
X and a family {X,} .. of subspaces of X; (X;¢) will mean the same
as X. If m is an integer, then an m-ad will mean an M-ad in which
M=1{1,2,..,m—1}

The M-ads are the objects of the category of M-ads, in which a map
J: X > Y of M-ads X, Y will be a k-continuous function f: X — ¥ such
that f(X,,) < ¥, (m € M).
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The restriction X | A of an M-ad X to a subspace 4 = X is the M-ad
consisting of X N 4 and the family {X, N 4}, .. The disjoint union
X UY of M-ads X, Y is the M-ad consisting of the disjoint union X U ¥
and the family {X, U Y, }, . The product X4+Y of two M-ads is the
M-ad consisting of X XY and the family {X, XY, },.ca- The smashed
product XY of two M-ads is the M-ad consisting of X XY and the
family {X,, XYUX XY, }pen- If M =¢ then XY =X#Y =X x7Y.

The category of spaces with base point is a subcategory of the
category of 2-ads. However, the smashed product as defined here of
spaces with base point X, Y is a 2-ad but is not a space with base point.
The usual smashed product is of course obtained by shrinking the in-
dexed subspace of X% Y to a point.

The function space X¥, where X, Y are M-ads, is the space of maps
of M-ads Y > X with the compact-open topology. The M-ad of maps
Y > X is the M-ad Y A X whose total space is XY and whose family

of subspaces is (X1 X, mens-

Let X, Y, Z be M-ads.

THEOREM 4.1. The exponential map induces an 1somorphism of M-ads

p (ZxY)YhX > Z A (Y AX).
Proof. From the formula
WA@Y =flzy) (feX?*F,zeZ,ye),
it is easily seen that the exponential map XZ*¥ -» (X¥)Z induces a
homeomorphism w: X2XY 5 (Y 4 X)Z, (4.2)
The space XZXY has indexed subspaces
(X | X,)2XY  (m e M)
and (Y A X)Z has indexed subspaces
(Y AX) (XX )2 = (Y b (X| X2 (me M),

So (4.2) implies that p maps the indexed subspaces of XZXY onto the
correct images. This completes the proof.

We now use the natural homeomorphisms p, o of Propositions 3.6,
3.7. Let X, Y, Z be M-ads.

THEOREM 4.3. p and o tnduce tsomorphisms of M-ads
p: LA (XHY) > (ZAX)HZAY),
0: (ZUY) A X > (Z A X)H(Y A X).
The proof is simple and is left to the reader.
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