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Abstract

Previous work (Pradines, C. R. Acad. Sci. Paris 263 (1966) 907; Aof and Brown, Topology
Appl. 47 (1992) 97) has given a setting for a holonomy Lie groupoid of a locally Lie groupoid.
Here we develop analogous 2-dimensional notions starting from a locally Lie crossed module
of groupoids. This involves replacing the Ehresmann notion of a local smooth coadmissible
section of a groupoid by a local smooth coadmissible homotopy (or free derivation) for the
crossed module case. The development also has to use corresponding notions for certain types
of double groupoids. This leads to a holonomy Lie groupoid rather than double groupoid, but
one which involves the 2-dimensional information.
© 2003 Elsevier Inc. All rights reserved.
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0. Introduction

An intuitive notion of holonomy is that it is concerned with iterations of local
procedures and it is detected when such an iteration returns to its starting point but
with a ‘change of phase’. An aim of theoretical developments is to provide
appropriate algebraic settings for this intuition. Major areas in which holonomy
occurs are in foliation theory and in differential geometry, and it is with ideas arising
out of the first area with which we are mainly concerned.
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The leaves of a foliation on a manifold M are path connected subsets of M
forming a partition of M, and so an equivalence relation R, say, on M. This
equivalence relation is usually not a submanifold of M—for example in the classical
foliation of the Mobius Band, R is of dimension 3 but has self-intersections.
However, the local structure describing the foliation determines a subset W of R
such that W is a smooth manifold. Further, R can be regarded as a groupoid with
the usual multiplication (x,y)(y,z) = (x,z) for (x,y),(y,z)eR. The pair (R, W)
becomes what is known as a locally Lie groupoid—that is, the groupoid operations
are as smooth as they can be on W, granted that they are not totally defined on W.
This concept was first formulated by Pradines [22] and called ‘un morceau d’un
groupoide différentiables’. This description of (R, W) for a foliation was due to
Kubarski [18] and independently to Brown and Mucuk [12], though with slightly
differing conditions.

It is classical that if G is a group and W is a subset of G containing 1 and W has a
topology, then under reasonable conditions on the pair (G, W) the topology of W
can be transported around G to give a base for a topology so that G becomes a
topological group in which W is an open subspace. We say that a locally Lie group is
extendible. This is not generally true for locally Lie groupoids—and the above
(R, W) provides a counterexample. A basic reason for this is that while for a
topological group G left multiplication L, by an element g maps open sets to open
sets, this is no longer true for general topological groupoids, since the domain of L,
is usually not open in G.

Ehresmann realised that the failure of this useful property of left multiplication by
an element could be remedied by replacing the element g by a local smooth
coadmissible section through g (for technical reasons we are replacing ‘admissible’ by
‘coadmissible’). This is a continuous function s : U — G for some open subset of the
base space X and such that s = 1y, and as maps U homeomorphically to an open
subset of X (here a, ff are source and target maps of G). Then L, is the partial map on
G given by ht—s(oh) + h, and L, does indeed map open sets of G to open sets.

The local section s of these is through an element ge G if s(fig) = g. We adopt the
idea that s is a kind of thickening or localisation of ¢, that is it extends ¢ to a local
neighbourhood.
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Thus, one part of the legacy of Charles Ehresmann [14] is the realisation that from
the point of view of the topology of a Lie groupoid G the interest is less in the
elements but more in the local coadmissible sections and their actions on G. In the
case of the locally Lie groupoid (G, W), the local ¢" coadmissible sections with
values in W can be regarded as ‘local procedures’. They have a multiplication due to
Ehresmann, and germs of their iterates form a groupoid J'(G, W). Pradines realised
that a quotient groupoid of J"(G, W) does obtain a Lie groupoid structure with W
as an open subspace, and is the minimal such overgroupoid of G. This is reasonably
called the holonomy groupoid of (G, W) and written Hol(G,W). It encapsulates
many of the usual intuitions behind the holonomy groupoid of a foliation (as
described for example in [17,21,27]) but in much greater generality. The major lines
of Pradines’ construction were explained to the first author in the period 1981-1987
and indicated in [2] and were published in full detail by Aof and Brown [1] with the
generous agreement of Pradines.

It is this intuition which we would like to extend to dimension 2, using one of
several notions of 2-dimensional groupoid.

A key idea as to how this might work is that a coadmissible section s : X > G of a
groupoid G on X can also be regarded as a homotopy s:A(s)~1 from an
automorphism 4(s) of G to the identity on G. Thus, the construction of Hol(G, W)
can be expected to be realised in situations where we have a notion of homotopy. In
dimension 2, this is available in the most well worked out way for crossed modules of
groupoids and this is one of the major areas in which we work. These objects are in
fact equivalent to edge symmetric double groupoids with connection, and also to 2-
groupoids. We find it possible to work with the first two of these structures and these
give the framework for our constructions.

We work in a kind of inductive and non symmetric format: that is we suppose
given a Lie structure in one of the two dimensions and use a localisation at the next
dimension—precise definitions are given later.

Applications are expected to be in situations with multiple geometric structures,
such as foliated bundles. Experience in this area of ‘higher dimensional group
theory’ has suggested that it is necessary to build first a strong feel
for the appropriate algebra. For example, the notion of double groupoid was
considered by the first author in 1967; double groupoids with connection were
found by Brown and Spencer in 1971, but the homotopical notion of the homotopy
double groupoid of a pair of spaces, and its application to a 2-dimensional
Van Kampen Theorem for the crossed module 7,(X, A) - 71 (A) was not found by
Brown and Higgins till 1974, and published only in 1978. Once the algebra was
developed and linked with the geometry, then quite novel geometrical results were
obtained.

By following this paradigm, we intend to come nearer to 2-dimensional extensions
of the notions of transport along a path. This should give ideas of, for example,
transport over a surface, and pave the way for further extensions to all dimensions. It
is hoped that this will lead to a deeper understanding of higher dimensional
constructions and operations in differential topology. It is for these reasons, that we
still title this paper with the word ‘towards’.
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This work is also intended to be a continuation of other work applying double
groupoids in differential topology such as Mackenzie [20], Brown—Mackenzie [9]. It
also allows for possible extensions to the holonomy of ‘local subdouble groupoids,’
analogously to [7].

In the first section, we outline our plan of the construction.

1. Plan of the work

For a 2-dimensional version, there are a number of possible choices for analogues
of groupoids, for example double groupoids, 2-groupoids, crossed modules of
groupoids. We are not able at this stage to give a version of holonomy for the most
general locally Lie double groupoids. It seems reasonable therefore to restrict
attention to those forms of double groupoids whose algebra is better understood,
and we therefore considered the possibility of a theory for one of the equivalent
categories

(CrsMod) ~ (2 — Grpd) ~ (DGrpd!),

which denote, respectively, the categories of crossed modules over groupoids, 2-
groupoids and ‘edge symmetric double groupoids with connection’. For considera-
tion of homotopies the outside seem more convenient. There are more general
versions of double groupoids (see [9]) whose consideration we leave to further work.

The steps that we take are as follows:

(1) We need to formulate the notion of a locally Lie structure on a double groupoid
2(%) which corresponds to a crossed module ¥ = (C, G, §) with base space X. For
this reason, here (G, X) is supposed a Lie groupoid and a smooth manifold structure
on a set W such that X< W< C. Then (2(%), WC) can given as a locally Lie
groupoid over G, where W is the subset of (%) given by

d
wy b c | :weW, ab,ceqG, B(b)=ua(a),f(a)=p(c)=Pp(w),

d=b+a+déw)—c

(i1) Next, we are replacing local coadmissible sections of a groupoid by local linear
coadmissible sections of an edge symmetric double groupoid. We define a product on
the set of all local linear coadmissible sections. This easily leads to a 2-dimensional
version of I'(Z(%)) of I'(G), again an inverse semigroup.

(iii) Now we form germs [s], of s, where ae G, seI'(2(%)). The set of these germs
forms a groupoid J(Z(%)) over G.
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(iv) A key matter for decision is that of the final map ¥ and its values on [s],,, since
the formation of the holonomy groupoid will involve Ker .

(v) A further question is that of deciding the meaning of the generalisation to
dimension 2 of the term ‘enough local linear coadmissible sections’. This requires
further discussion.

Recall from [1] that, in the groupoid case, we ask that for any a€ G there is a local
coadmissible section s such that faeD(s) (where D(s) is the domain of s) and sfa =
a. Under certain conditions, we require s to be smooth and such that as is a
diffeomorphism of open sets. The intuition here is that ae G can be regarded as a
deformation of fla, and s gives a ‘thickening’ of this deformation.

In dimension 2, we therefore suppose given ae G(x,y) and be G(z,x), ce G(w, y)
and w e C(p).

where d = b + a + d(w;) — ¢. Then a local linear coadmissible section s = (s¢, s1) will
d

be ‘through w= | wy: b ¢ | if sox = b, soy = ¢ and sya = wy. Our “final map’
a

Y will be a morphism from J(Z(%)) to a groupoid. This groupoid 2(%) will be one

of the groupoid structures of the double groupoid associated to the crossed module

% =(C,G,0). We write

so that the value of  on [s], does use all the information given by s = (so,s;) at the
arrow a€G. This explains why our theory develops crossed modules and double
groupoids in parallel.

2. Crossed modules and edge symmetric double groupoids with connection

In a previous paper [8], we explored the idea that a natural generalisation to
crossed modules of the notion of coadmissible section for groupoids is that of
coadmissible homotopy. This arises naturally from the work of Brown—Higgins [6] on
homotopies for crossed complexes over groupoids.
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We recall the definition of crossed modules of groupoids. The original reference is
Brown—Higgins [5], but see also [§].

The source and target maps of a groupoid G are written o, f§, respectively. If G is
totally intransitive, i.e. if o« = f, then we usually use the notation 5. The composition
in a groupoid G of elements a, b with fa = ab will be written additively, as a + b. The
main reason for this is the convenience for dealing with combinations of inverses and
actions.

Definition 2.1. Let G, C be groupoids over the same object set and let C be totally
intransitive. Then an action of G on C is given by a partially defined function

C x Go——C

written (¢, a)+— ¢, which satisfies

(i) ¢*is defined if and only if $(c) = a(a), and then B(c?) = f(a),
(i) (c14c2)" =+ ¢,
(iii) 67”’ = (c‘f)b and ¢* = ¢;

for all ¢j,c,e€C(x,x), ae G(x,y), be G(y,z).

Definition 2.2. A crossed module of groupoids [5] consists of a morphism é : C— G of
groupoids C and G which is the identity on the object sets such that C is totally
intransitive, together with an action of G on C which satisfies

(i) o(c*) = —a+ oc+a,
(i) ¢* = —¢; +c+c,

for ¢,c1 € C(x,x), ae G(x,y).

Definition 2.3 (Brown and Igen [8]). Let 4 = (C, G, ) a crossed module with the
base space X. A free derivation s is a pair of maps sy : X — G, s; : G— C which satisfy
the following:

PB(sox) = x, xelX,
B(s1a) = p(a), aeq,

si(a+b) =s1(a)’ +s1(b), a,beG.

Let FDer(%) be the set of free derivations of €.
We proved in a previous paper [8] that if s is a free derivation of the crossed
module € = (C, G,0) over groupoids, then the formulae

So(x) = aso(x), xeX,
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fl(a) ZSO(aa)+a+5sl(a)7S0(iBa)a aeG,
o) = (e +80) M), ceC

define an endomorphism A4(s) = (fy,f1,/2) of €.
Also FDer(%) has a monoid structure with the following multiplication [8]:

(S*t) (Z) _ tl(z)+(slg1(z))t0(ﬂ2)a &= 13 ZEG(X,_}/),
’ (s090(2)) + 10(2), =0, zeX,
where g = (go,91,92) = 4(¢). This multiplication for ¢ =0 give us Ehresmann’s
multiplication of coadmissible sections [14], and for ¢ = 1 gives the generalisation to
free derivations of the multiplication of derivations introduced by Whitehead [25].
Let FDer*(%) denote the group of invertible elements of this monoid. Then each
element of FDer*(%) is also called a coadmissible homotopy.

Theorem 2.4. Let seFDer(%) and let f = A(s). Then the following conditions are
equivalent:

(i) seFDer*(%),
(i) fieAut(G),
(iil) f>eAut(C).

The proof is given in [8].

We shall also deal with double groupoids, especially edge symmetric
double groupoids. A double groupoid & is a groupoid object internal to the
category of groupoids. It may also be represented as consisting of four
groupoid structures

(D,H,OC],ﬁ],—i-],S]) (Da V7“25ﬁ27+2a82)7

(V’X7a7ﬁ7+78) (H’X7a7ﬁ7+’8)
as partially shown in the diagram

j—

Il

H—=xX

Here H, V are called the horizontal and vertical edge groupoids. The functions written
as o, are the source and target maps of the groupoids, and the ¢ denote the
functions giving the identity (zero) elements. Thus 2 has two groupoid structures
+1,+2 over groupoids H and V', which are themselves groupoids on the common set
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X. These are all subject to the compatibility condition that the structure maps of
each structure on £ are morphisms with respect to the other.
Elements of D are pictured as squares

(0731 (w) = h1

_—

. . ¢—>2
as(w) = v1| Iﬁz(w) = vy 1

S —

Br{w) = hy

in which v,v,€V are the source and target of w with respect to the horizontal
structure 4+, on D, and &y, h, € H are the source and target with respect to the vertical
structure +;. (Thus, our convention for directions is the same as that for matrices.)
Note that we use addition for the groupoid compositions, but principally because it
makes for the easier use of negatives rather than inverses. However, somewhat
inconsistently, we shall tend use 1 rather than 0 for the unit for +. For further
information on double groupoids, we refer to [3,9,10,13].

Double groupoids were introduced by Ehresmann in the early 1960s [15,16], but
primarily as instances of double categories, and as a part of a general exploration of
categories with structure. Since that time their main use has been in homotopy
theory. Brown—Higgins [4] gave the ecarliest example of a ‘higher homotopy
groupoid’ by associating to a pointed pair of spaces (X, 4) a edge symmetric double
groupoid with connection p(X, A) in the sense of Brown and Spencer (see below). In
such a double groupoid, the vertical and horizontal edge structures H and V
coincide. In terms of this functor p, [4] proved a Generalised Van Kampen Theorem,
and deduced from it a Van Kampen Theorem for the second relative homotopy
crossed module 73(X, 4) > m;(A).

We shall initially be interested in edge symmetric double groupoid, i.e. those in
which the horizontal and vertical edge groupoids coincide. These were called special
double groupoids in [13]. In this case we write G for H = V. The main result of
Brown—Spencer [13] is that an edge symmetric double groupoid with connection (see
later) whose double base is a singleton is entirely determined by a certain crossed
module it contains; as explained above, crossed modules had arisen much earlier in
the work of Whitehead [26] on 2-dimensional homotopy. This result of Brown and
Spencer is easily extended to give an equivalence between arbitrary edge symmetric
double groupoids with connection and crossed modules over groupoids; this is
included in the results of [5].

We give this extended result as in [5,9]. The latter paper describes a more general
class of double groupoids and the two crossed modules given below form part of the
‘core diagram’ of a double groupoid described in [9].

The method which is used here can be found in [13]. The sketch proof'is as follows:

Let 2 =(D,H,V,X) be a double groupoid. We show that & determines two
crossed modules over groupoids.
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Let xe X and let
H(x) = {aeH : a(a) = f(a) = x}.
We define V(x) similarly. We put
II(D,H,x) = {weD:mw = p(w) =&(x), fi(w)=e(x)}
and
(D, V,x) ={veD:ai(v) = Bi(v) = &(x), oa2(v) =2(x)},

which have group structures induced from +,, and +;. Then [I(D,H)=
{lI(D,H,x):xeX} and HO(D,V)={II(D,V,x):xeX} are totally intransitive
groupoids over X.

Clearly, maps

oy :II(D,H)»H and oy :I(D,V)->V

defined by dg(w) =oy(w) and Jyp(v) = op(v), respectively, are morphisms of
groupoids.
For a double groupoid 2 = (D, H, V,X) it is shown in [13] that

V(@) = (H(D’H)vva) yl(‘@) = (H(D7 V)v V7a)

may be given the structure of crossed modules (see [3] for an exposition). So y is a
functor from the category of double groupoids to the category of crossed modules.

As we wrote, an edge symmetric double groupoid is a double groupoid & but with
the extra condition that the horizontal and vertical edge groupoid structures
coincide. These double groupoids will, from now on, be our sole concern, and for
these it is convenient to denote the sets of points, edges and squares by X, G, D. The
identities in G will be written ¢(x), 1, or simply 1. The source and target maps G— X
will be written o, f3.

By a morphism f : 2 — 2’ of edge symmetric double groupoids is meant functions
f:D->D f:G->G,f:X—X which commute with all three groupoid structures.

A connection for the double groupoid Z is a function Y: G— D such that if ae G
then Y{a) has boundaries given by the following diagram:

a

al YT() |1

¢ —> 0
1
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and Y'satisfies the transport law: if a,be G and a + b is defined then

Na+b) = (Na) + &2b) +2 Xb) (%)

For further information on the transport law and its uses, see [10].

A morphism f:%—-% of edge symmetric double groupoid with special
connections Y; Y’ is said to preserve the connections if /,Y’ = 1.

The category DGrpd! has objects the pairs (2, Y) of an edge symmetric double
groupoid Z with connection Y, and arrows the morphisms of edge symmetric double
groupoids preserving the connection. If (2, Y) is an object of DGrpd!, then we have a
crossed module y(Z). Clearly y extends to a functor also written y from DGrpd! to
CrsMod, the category of crossed modules.

We now show how edge symmetric double groupoids arise from crossed modules
over groupoids.

Let ¥ = (C, G, 0) be a crossed module over groupoids with base set X. We define a
edge symmetric double groupoid Z(%) as follows. First, H =V = G with its
groupoid structure, base set X. The set 2(%) of squares is to consist of quintuples

e<— @
o

such that w; e C,a,b,c,de G and
ow)=—-a—-b+d+c.

The vertical and horizontal structure on the set Z(%) can be defined as follows.
The source and target maps on w yield d and a, respectively, and vertical
composition is

d a d
wi b c |+ wped L= wi+wi:b+b c+c

a a’ a

For the horizontal structure, the source and target maps on w yield b and ¢, and the
compositions are

d e d+e
wi b cl+2 | v:c Jl=w +ov:0b j

a i a+i
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Then 2(%) becomes a double groupoid with these structures. A connection on (%)
is given by

The main result on double groupoids is:
Theorem 2.5. The functor y : DGrpd! — CrsMod is an equivalence of categories [13].

We emphasise that [9] contains a considerable generalisation of this result.
We introduce a definition of linear coadmissible section for the special double
groupoid Z(%) as follows.

Definition 2.6. Let ¥ = (C,G,0) be a crossed module and let 2(%) be the
corresponding double groupoid. A linear coadmissible section o = (6¢,01) :
G- 9(%) of 9(%) also written

(ma) : goa(a) Goﬁ(a)>
o(a) =
a
is a pair of maps
0g0: X—-G, 0 :G6-C
such that

(i) if xe X, Pao(x) = x, and if ae G, then fo(a) = Pa;
(ii) if @, b,a + be G, then

ala+b) =oa(a)+;, a(b);

(iil) aop : X > X is a bijection, oj0 : G— G is an automorphism.

Let LinSec(Z(%)) denotes the set of all linear coadmissible sections. Then a group
structure on LinSec(Z(%)) is defined by the multiplication

(oo0to(2)) + t0(2) if ze X,

(o+7)(2) = { (001 (2(2)) +1 7(2) if zeG

for ¢,7eLinSec(2(%)).
It is easy to prove that the groups of linear coadmissible sections and of free
invertible derivation maps (coadmissible homotopies) are isomorphic.
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3. Local coadmissible homotopies and local linear sections

Our aim in this section is to ‘localise’ the concept of coadmissible homotopy given
in the previous section, analogously to the way Ehresmann [14] in the 1-dimensional
case localises a groupoid element to a local coadmissible section.

In order to cover both the topological and differentiable cases, we use the term C”
manifold for r> — 1, where the case r = —1 deals with the case of topological spaces
and continuous maps, with no local assumptions, while the case r>0 deals as usual
with C" manifolds and C" maps. Of course, a C° map is just a continuous map. We
then abbreviate C" to smooth. The terms Lie group or Lie groupoid will then involve
smoothness in this extended sense. By a partial diffeomorphism f : M —-N on C"
manifolds M, N we mean an injective partial function with open domain and range
and such that £ and f~! are smooth.

One of the key differences between the cases r = —1 or 0 and r>1 is that for r>1,
the pullback of C" maps need not be a smooth submanifold of the product, and so
differentiability of maps on the pullback cannot always be defined. We therefore
adopt the following definition of Lie groupoid. Mackenzie [19] discusses the utility of
various definitions of differential groupoid.

A Lie groupoid is a topological groupoid G such that

(1) the space of arrows is a smooth manifold, and the space of objects is a smooth
submanifold of G,
(i1) the source and target maps «, f are smooth maps and are submersions.
(iii) the domain G™ 3G of the difference map is a smooth submanifold of G x G,
and
(iv) the difference map 0 : (a,b)—>a — b is a smooth map.

Recall that coadmissible homotopies were defined in the previous section. Here we
define the local version.

Definition 3.1. Let ¥ = (C,G,0) be a crossed module such that (G, X) is a Lie
groupoid. A local coadmissible homotopy s = (so, s1) on Uy, U; consists of two partial
maps

So: X—->G, s:G6-C

with open domains Uy< X, U, =G, say, such that o(U;), f(U;) < U and

(i) If xe Uy, then fsp(x) = x.
(i1) If a,b,a + be Uy, then

si(a+b) = s1(a)” + 51 (b);

we say s 1s a local derivation.
(iii) If ae U; then fis;(a) = f(a).
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(iv) If A(s) = (fo,/1,/>) is defined by
Jo(x) = aso(x), xe Uy,
fi(a) = spa(a) + a+ ds1(a) — sop(a), aelU,
() = (c+ 8s1(c)) P9 ceC

then fo,f are partial diffeomorphisms and f;!, f; are linear.

Note that f; injective implies f, injective by Theorem 2.4. We cannot put smooth
conditions on f, as we do not have a topology on C.

A local coadmissible homotopy s defined as above can be illustrated by the
following diagram:

c— ¢
) S1 )
U f1 &
/ SO/
U X
"

Suppose given open subsets Vo= X and V=G such that o(V7), f(V1) < Vo. Let
t: (Vo, V1)—(C,G) be a local coadmissible homotopy on V, V; with A(z) = g. Let
A(s) = f be as above. Now we can define a multiplication of s and 7 in the following
way:

P 10(p) U
(s%8)(z) = 1(2) +519:(2)"", ze Uy,
S0go(z) + to(2), ze Uj.
We write D(s;) for the domain of a function s,.

Lemma 3.2. The product sxt is a local coadmissible homotopy.

Proof. We will prove that the domain of s=7 is open. In fact, if ae Uj, gi(a)e V1,
B(a)e Uy, then ae Uy ngy (V1) (Up) is an open set in G and also if xe Uj and
go(x) € Vo then xe Uyngy ' (V) is open in X, so the domain of (s*7) is open. One can
show that

B(sxt)y(x) = f(x) for xeD(s=1),,

B(s*t),(a) = p(a) for aeD(sxt),



154 R. Brown, I. Icen | Advances in Mathematics 178 (2003) 141-175

and (s#*1), is a derivation map as in [8, Proposition 2.4] i.e.,
(s0)y(a+ b) = (s%1),(a)] + (s%1),(5)

for a,b,a + beD(sxt),. We define maps %o, h; as follows:

ho(x) = fogo(x) = a(s=1),(x) for xeD(s*t),,

hi(a) = figi(a) = (s*t)y(0a) +a+ d(sxt),(a) — (s*t),(fa) for aeD(sx*t),.

Since hy,h; are compositions of partial diffeomorphisms, they are partial
diffeomorphisms. [

Proposition 3.3. Let LFDer*(%) denotes the set of all local coadmissible homotopies of
a crossed module € = (C,G,0) such that (G,X) is a Lie groupoid. For each
s,teLFDer*(%), sxteLFDer*(%) and for each se LFDer*(%), let A(s) = f and let

(o) = { ST i zeu,
—S()(fo_l(Z)) if zeU.

Then s~' e LFDer*(%), and with this product and inverse element the set LFDer*(%) of
local coadmissible homotopies becomes an inverse semigroup.

Proof. The proof is fairly straightforward. [J

Recall that linear coadmissible sections were defined in the previous section. Here
we define the local version.

Definition 3.4. Let ¥ = (C, G, ) be a crossed module of groupoids with base space
X and let (%) be the corresponding edge symmetric double groupoid such that
(G,X) is a Lie groupoid.

A local linear section o = (0¢,01) : G- 2(%), written

<o—1<a> : Goo(a) aoma))

a(a) =
consists of two partial maps
gy: X—-G, g :G6-C

with open domains Uy< X, U, =G, say, such that a(U;), f(U;) <= U and

(i) if xe Uy, then Pao(x) = x, and if ae Uy, then fo(a) = fa;
(ii) if @,b,a + be Uy, then

ola+b)=oa(a)+,a(b)

(this is the local linear condition);
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(ii1) if fy, f1 are defined by
Jo(x) = aop(x), xeUy,
fila) =oy0(a), aely,

then fo,f are partial diffeomorphisms and f;,f;"! are linear.

Given open subsets V< X and V; < G such that a(V7), B(V1) S Vo, let 1 be a local
linear section with domain ¥V, and V). Let ¢ be as above. Now we can define a
multiplication of ¢ and 7 in the following way

(0+7)(2) = {o(alr)(z) +11(2), =zel,

a0(at0)(z) + t0(2), zeUp.

Lemma 3.5. The product function o7 is a local linear coadmissible section.

Proof. The key point is to prove that the domain of =7 is open. In fact, if ae U,
ao(a)e Vi, Pla)e Uy, then ae Uy (oe) (V1) nB~' (Us) is an open set in G and
also if xe Uy and aao(x) e Vy then xe Uy (aag)” ' (Vo) is open in X, so domain of
(o*7) is open.

The remaining part is easily done. [

Proposition 3.6. Suppose € = (C,G,0) is a crossed module such that G is a Lie
groupoid on X. Let I'(2(%)) denote the set of all local linear coadmissible sections of
9(%). For each 6,1€T'(2(%)), ox1€'(2(¥)) and for each 6 '(2(%)), let

o (2) = { —10(x0) '(2)  if ze U, )

—oo(000) "' (2)) if zeU.

Then with this product and inverse element, the set I'(9(%)) of local linear
coadmissible sections becomes an inverse semigroup.

Proof. The inverse of ¢ is a linear coadmissible section, because it is a composition
. -1
of the linear maps ¢ and (xo)” . O

Proposition 3.7. Let A(so,s1) =f be a local coadmissible homotopy for a crossed
module € = (C,G,0) and let 9(%) be the corresponding double groupoid. A partial
map s is defined by

s = (s0,51) : G>2(F),
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Ni(a)
s(a) = (so,51)(@) = [ s1(a) : 50(x) s0(y)

Then s is a local linear coadmissible section.

Proof. This is easy to see from the definitions of local coadmissible sections and of
local coadmissible homotopies [8]. [

Corollary 3.8. The inverse semigroups of local coadmissible homotopies and local
linear sections are isomorphic.

Throughout the next sections, we will deal with linear coadmissible sections rather
than coadmissible homotopies.

4. V-locally Lie double groupoids

Let ¥ = (C,G,0) be a crossed module such that (G, X) is a Lie groupoid. Let
2(%) be the corresponding double groupoid. Let I'(2(%)) be the set of all local
linear coadmissible sections and let W be a subset of C such that I has the structure
of a manifold and f: W — X is a smooth surmersion.

Let WO be the set

d
wy b c | :weW, ab,ceG, B(b)=u(a), fla)=P(c)= p(w),
a
d=b+a+o(w)—c;. (%)

Here the set WY can be considered as a repeated pullback, i.e., if
G* = {(b,a,c) :a(a) = B(b), f(a) = B(c)}
is a pullback, then

WG_>G3

e

W—ﬂ)X

is a pullback, so W¢ has a manifold structure on it, because  and fm; are smooth
and surmersions.



R. Brown, I. Icen | Advances in Mathematics 178 (2003) 141-175 157

We can show each element we W¢ by the following diagram:

b+a+d(w)—c

L PP >0

a
O,
Clearly WS W x G x G x G and W< %(%).

A local linear coadmissible section s = (sp, s1) as given in Proposition 3.7 is said to
be smooth if Im(s;)< W and s¢,s, are smooth. We emphasise that in our current
context, such an s should be regarded as a ‘local procedure’. Let I'" (W) be the set of
local linear smooth coadmissible sections. We say that the triple (aq, 8y, W) has
enough smooth local linear coadmissible sections if for each

d

w=| wi:b clew?,

there is a local linear smooth coadmissible section 4(s) = f with domains (U, U;)
such that

(@) spy(w) = w, on(w) =fi(a) = d; s18,(w) = w1 = s1(a), soB(a) = ¢, so0(a) = b;
(ii) the values of s lic in W©;
(iii) s is smooth as a pair of function Uy = D(so) — G and U; = D(s;)— W©.

We call such an s a local linear smooth coadmissible section through w.

Definition 4.1. Let ¥ = (C, G,9) be a crossed module over a groupoid with base
space X and let Z(%) be the corresponding double groupoid. A V-locally Lie double
groupoid structure (Z(%), W) on (%) consists of a smooth structure on G, X
making (G, X) a Lie groupoid and a smooth manifold W contained as a set in C
such that if W is as in (*), then

ShH we=—we

(82) Ge W< 9(%);

(S3) the set (W9mg WO nd (W% = W§ is open in (WOm;WC) and the
restriction to W¢ of the difference map

d:2(%)73,2(%)>2(%),
(w,0)>w—1 v

is smooth;
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(S4) the restriction to WG of the source and target maps o; and B, are smooth
and the triple (oq,f;, W) has enough local linear smooth coadmissible
sections,

(S5) WG generates Z(%) as a groupoid with respect to +;.

Also one can define a locally Lie crossed module structure on a crossed module by
considering the above Definition 4.1.

Let € = (C,G,0) be a crossed module over a groupoid with base space X. A
locally Lie crossed module structure (C, W, ) on € consists of a smooth structure on
G, X making (G, X) a Lie groupoid and a subset W of C with a smooth structure on
W such that W is G-equivariant and

(C1) (C, W) is a locally Lie groupoid,

(C2) I(G)ew<C,

(C3) the restriction to W of the map 6 : C— G is smooth,

(C4) the set Wy =AY (W)n(W™G) is open in WG and the restriction to
Aw : Wq— W of the action 4 : CM3G— C is smooth.

(CS5) Let

W= {(W;b7a7 c):weW,a,b,ceG,p(a) = f(w),a(a) = B(b), B(c) = ﬁ((l)}

We say that ¥ has enough local smooth coadmissible homotopies if for all
(w;b,a,c)e W there exists a local smooth coadmissible homotopy (s¢,s;) such
that s;(a) = w, sof(a) = ¢, soa(a) = b.

Let us compare the above two definitions.
First of all, in the definition of locally Lie crossed module, conditions C3 and C4
gives rise to the difference map

d:2(6)7p,2(¢)—>2(%),

(w,0)>w—1 v,

which is smooth. In fact,
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d d
= | w :b cl =1 |v:b el
a a
d a
=|wi:b |+ | oy b —c
a d
d
=1 (o)) + wi¢ b — b c—d
d

Since dy, +, Ay are smooth, d is smooth. This is equivalent to the two smooth
conditions C3, C4 for a locally Lie crossed module, because the formulae for d
involves + and the action Ay .

Condition C1 is that (C, W) is a locally Lie groupoid, which includes W generates
C. The other equivalent condition can be stated as follows: We first prove that if W
generates C and is G-equivariant, then Wy generates Z(%) with respect to +.

d
Letw=|y:b ¢ | €2(%). We prove by induction that if y can be expressed
a
as a word of length n in conjugates of elements of W then w can be expressed as

w=wl4, W

d
where w' = [ 9, : b; ci |ewC fori=1,...,n, and y;e W.
a;
This is certainly true for n = 1, since we WY if and only if ye W.
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Suppose y = 7' + ¢ where ' can be expressed as a word of length n in conjugates of
elements of W and (e W.
h
Leth=a+0y —e,andletw’ = | 7' : 1 e |. Then w" e 2(%) and so w” can
a

be expressed as a word of length 7 in elements of WY, by the inductive assumption.
d
Letw =1 (:b ¢—e |. Then we%(%), since
h
o =6(=y"+7)"
=—0(/)“+o() "
=e—0y —ete+dy—e
=e—(—a+h+e)—a—b+d+c—c
=e—e¢e—h+a—a—-b+d+c—e
=—h—-b+d+c—e
and (e W. Clearly w = w' +; ", and so w can be expressed as a word of length n + 1
in conjugates of elements of WC.
Conversely, suppose W9 generates % (%) with respect to +;.

1
LetyeCandletw= | y:1 1 |. Then we %(%). Since W generates (%),

we can write

w=wl4, 4 W
wherelvi:(yi:bi . Ci>,yive0ri:1,...,nandwieWg.Then
1

d
w= |+ eyt by 4 e by, a+ -t
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We get
y = ycl’l +y§1+02 + ... +)}Z”+"‘+€', V€ w.

So W generates C.
In the definition of V-locally Lie double groupoid, condition S4 transfers as
follows: Let (aq, B, W) have enough local linear smooth coadmissible sections.

Then for each w = (VZb 4 c>eWG there exists a local linear smooth

coadmissible section s such that sf;(w) = w, i.e., there exists (so,s;) that is a local
coadmissible homotopy for the crossed module ¥ = (C, G,0). So for (w;b,a,c)
defined as above, there exists a local smooth coadmissible homotopy s = (s¢, 1) such
that s;(a) = w, spoa = b, soffa = c.

We state some deductions from axioms S1-S5.

(1) The inverse map i: W% — WS w— —; w is smooth.

(2) The set d™ ' (WO n(WEmp W) is open WZrg WS and the horizontal
product map is smooth on this set.

(3) Let k,s,tel'(WY), and suppose aeD((k*sxt),) and b= pt(a) satisfy
(kxs)(b)e WY and (kxsxt)(a)e WC. Then there are restriction k’,s',¢ of
k,s,t such that aeD((k'xs'«7),) and k' x5« e (WE) ([1, Compare 1.6]).

There is a lemma which we shall use later.
Lemma 4.2. Suppose s,tel"(WS), aecG and s(a) = t(a). Then there is a pair of
neighbourhoods (Uy, Uy), where Uy is a neighbourhood both of «(a) and f(a) and U, is

a neighbourhood of a such that the restriction of sxt~" to (Uy, Uy) lies in I'"(W9).

Proof. Since s and ¢ are smooth and s(a) = 1(a), then (s(a), t(a))e WOz WC. This
gives rise to maps

(So, lo) : D(S()) ﬁD(l‘o) - G’_‘ﬁG and (S, l) : D(Sl) ﬂD(ll) - WG’_‘/gl WG,
which are smooth. But by condition S of Definition 4.1, (WS, W) nd™'(W?) is
open in W@, W% and (G, X) is a (globally) Lie groupoid. Hence there exist open
neighbourhoods U of @ in G, Uy of a(a), f(a) in X such that

(5. )(U) S (WO WO Ad™ (W) and (50, 10)(Uo) (GM4G) "I (G).

Hence d(s,7)(Uy) is contained in W and (s, 1) (Up) is contained in G. This gives
(s ) (U;) = WC and (sxr71),(Up) =G. So st~ el (WC). O



162 R. Brown, I. Icen | Advances in Mathematics 178 (2003) 141-175

4.1. Germs

Let s, ¢ be two local linear coadmissible sections with domains (U, U;) and
(U}, Uy), respectively, and let ae U; n Uj. We will define an equivalence relation as
follows: set s ~ ¢ if and only if U; n U{ contains an open neighbourhood ¥; of a such
that

sly, =1y,
and OC(V[),ﬁ(V])E V.
Let J,(2(%)) be the set of all equivalence classes of ~, and let

J(2(6)) = | J{Va(2(€)) :ac G}.

Each element of J,(2(%)) is called a germ at a and is denoted by [s], for se I'(2(%)),
and J(2(%)) is called the sheaf of germs of local linear coadmissible sections of the
double groupoid Z(%).

Proposition 4.3. Let J(2(%)) denote the set of all germs of local linear coadmissible
sections of the double groupoid Z(%). Then J(2(%)) has a natural groupoid structure
over G.

Proof. Let s,1eI'(2(%)) and A(s) =f, A(t) = g. The source and target maps are
o([sl,) = fi(a),
p(isl,) = a
and the object map is a— [1],, the multiplication * is
[y, * [, = [(s D)),

and the inversion map is

5, =0 O

Remark. One can give a sheaf topology on J(Z(%)) defined by taking as basis the
sets {[s],:ae U} for seI'(Z(%¥)), U, open in G. With this topology J(Z(%)) is a
topological groupoid. We do not use the sheaf topology since this will not give W¢
embedded as an open set.

Suppose now that (Z(%), W¢) is a V-locally Lie double groupoid. Let I'"( W) be
the subinverse semigroup of I'(Z(%)) consisting of local linear coadmissible sections
with values in WY and which are smooth. Let I'"(Z(%), W°) be the subinverse
semigroup of I'(%(%)) generated by I'"(W©).



R. Brown, I. Icen | Advances in Mathematics 178 (2003) 141-175 163

Remark. In view of the discussion in the Introduction, we regard an element of this
inverse semigroup as an ‘iteration of local procedures’.
If seI"(2(%6), W), then there are s'e " (W), i=1,...,n such that

s=5"k e nsl,

So let J'(Z(%)) be the subsheaf of J(%(%)) of germs of elements of I'"(2(%), W9).
Then J"(2(%)) is generated as a subgroupoid of J(Z(%)) by the sheaf J" (W) of
germs of element of I'"(W ). Thus an element of J'(%(%)) is of the form

[5ly = [8"]a, % - 8],

where s = " - x5! with [s'], e J"(WY), aip1 = fi(a;), i =1, ...,nand a) = aeD(s").
Let ¢ : J(2(€)) > 2(%) be the final map defined by
Ni(a)
Y(lsl,) = s(a) = | s1(a) : s0(x) so(¥) |
a

where s is a local linear coadmissible section. Then i is a groupoid morphism. In
fact, let A(s) =f, 4(t) = ¢, then

V([slg, @ * [1a) =W ([sx1],)
= (sx1)(a)
=sont(a) +1 1(a)
=s(g1(a)) +1 1(a)
=V[s]y, @ 1 V[,
Then
V(I (2(%)) = 2(%)

from the axiom S4 of a V-locally Lie double groupoid on 2(%) in Definition 4.1.
Let Jo = J"(WY) n Ker y, where as usual

Kery = {[s],: ¥/ls), = 1a}-

We will prove that Jj is a normal subgroupoid of J"(2(%)). This allows us to define
a quotient groupoid J'(2(%))/Jy in the next section.

Lemma 4.4. The set Jo=J (WS nKery is a wide subgroupoid of the groupoid
J(2(%))-
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Proof. Let ae G. Recall that 4(c) = I is the constant linear section. Then [c], is the
identity at a for J"(2(%)) and [c],€Jy. So Jy is wide in J"(Z(%F)).

Let [s],, [f] ,€Jo(a, a), where s and ¢ are local linear smooth coadmissible sections
with aeD(s;) nD(#1) and a(a), f(a)eD(so) nD(t).

Since Jy = J"(WY) n Ker s, then we have that

@ [s],,[1],€J(WE) and so we may assume that the images of s and 7 are both

contained in WY and s,¢ are smooth by definition of germs of local linear
smooth coadmissible sections.

(i) [s],,[?],€ Kery and this implies that ¥([s],) = ¥([7],) = la€ Z(¥) which gives
s(a) = t(a) = 1, by definition of the final map.

Therefore, (s(a),#(a))e W WO and d(s(a), t(a)) = s(a) — t(a) = 1,&€ W which
implies that

(s(a). t{@)) € (WO, WO nd™ (W),
Since s and ¢ are smooth, then the induced maps
(S(), l()) : D(S()) N D(l()) — GmlgG and (S, [) : D(Sl) f\D(ll) - WG’_‘ﬁl WG

are smooth. But, by condition S3 of Definition 4.1 , (Wr; W) nd™"(WY) is
open in WG'_‘/;I WC. Since (G,X) is a (globally) Lie groupoid, there exist
open neighbourhoods U; of a in G, U, of a(a), f(a) in X and «(U)), f(U) <= U
such that

(5, )N U)S(Wng WO nd™ (W) and (s0,2)(Uo) = (GT4G)nd ' (G),

which implies that (s,7)(U;)=d™ (WS and (s, %)(Us)<d ' (G). Thus
(st~ (U;) = WC and (sx17")(Uy) =G, and hence [sx1!], eJ"(WY). Since s(a) =
t(a), then [s*¢7'],eKery. Therefore [sxr7'] eJo(a,a) and this completes the
proof. [

Lemma 4.5. The groupoid Jy is a normal subgroupoid of the groupoid J'(2(%)).
Proof. Let [k],eJo(a,a) and let [s],€Jo(b,a) for some a,be G where k,s are local

smooth coadmissible sections, A(s) =f, with b =fi(a) and p,k(a) = o1k(a) =
Bis(a) = a. Moreover, k(a) = 1,. Since J'(Z(%)) is generated by J"(W©), then

[5ly = [8"], % % [s'],,, STl (W),
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where a; = a, aipy = fi(a;), i =1,...,n, [s'], €J (W), where we may assume that the
images of the s, i = 1, ..., n are contained in W and are smooth. Then
(sl [kl lsly ' = (7], % - # (8], * DRl # (7], % - #[s'],) ™
=[5 o [s' ] K] % [ ek [7),)

=[5y, % I8 # K% (1) gy o # 16

= [s*k*s_l]bng(b,b).

In fact, now, since k~'(a) = —1k(I"'(a)) = —1k(a), then k~'(a) = —1k(a). But
k(a) = 1,, by definition of Jy; hence k~'(a) = 1,& — WC.

Since, by condition S1 of Definition 4.1, W% = — W, then k(a)e WC. Since
[s],€Jo(b,a), then we may assume that the image of s is contained in W and s is a
local linear smooth coadmissible section. So s(a)e W, and therefore

(s(@), —1k(@) e WIn g WO, (so(x), —ko(x)) € GT4G

and d(s(a), —k(a)) = s(a) +1 k(a) = (sxk)(a) =s(a). Also  I(so(x), —ko(x)) =
50(x) + ko(x) = (s0xko)(x) = so(x). Hence (s(a), —1k(a)) e W§ and (so(x), —ko(x)) €
Gy, for xe X. By the smoothness of k~! and s, the induced maps

(s,k™") : D(s1)nD(k;") > Wy WO and (s0,ky"') : D(so) nD(ky') = GG

are smooth. Hence, there exists a pair of open neighbourhood (U, U;) where
a(a), f(a)e Uy in X, and ae U; in G such that

(s, k") (U)W, (s0,kg") (Vo) = Go

(S(Ul) —1k(U1))E WG, (S()(Uo)—ko(Uo))EG.

Therefore [sxk], eJo(WC).

Thus we may assume that the image of s*k is contained in W and s+k is a local
linear smooth coadmissible section. Since f,(s*k)(a) = f;s(a) = p,k(a) = a and
(sxk)(a) = s(a). Then ((s*k)(a),s(a))eWmy W¢ and so d((sxk)(a),s(a)) =
(kxs)(a) —1 s(a) = 1,e WO, and ((sxk)(a),s(a))e W§. Similarly aeG(x,y), for
x,y€X, ((s%k)y(x),s0(x))€Gy. Since s and s+k are smooth, then they induce
smooth maps

((sxk),s) : D(k1)nD(s1) > Wemp WG ((sxk),,50) : D(ko) "D(s9) = G 4G.
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But W§ and Gy are open in WMy W¢ and GG, respectively. Hence there exists
a pair of neighbourhoods (U}, Uj) of a(a), f(a)e U in X and ae U] in G such that

(s#k),)(U) =W WO, ((s+k)g.50)(Uy) = GyG,
which implies that
(sxk)(U}) —1 s(U)S WS and  (sxk)y(U}) — so(Up) <G.

Since  fila) =b, sk, 1), = s+l x5y = ek, ed(b,8). Bt
[sxkxs~"], € (Ker ¢)(b,b), since (sxk*s~)(b) = 1,. Hence [sxk=s""],eJo(b,b) and
so Jy is a normal subgroupoid of J"(2(%)). O

5. The holonomy groupoid of (Z(C), W®)

In this section, we deal with some locally Lie structures on an edge symmetric
double groupoid Z(%) corresponding to a crossed module ¥ = (C, G, §)—namely
such a locally Lie structure is a Lie groupoid structure on the groupoid (G, X) of
2(%), and a manifold structure on a certain subset WY of the set of squares,
satisfying certain conditions. The Lie groupoid Hol(%(%), W) we construct will be
called the holonomy groupoid of the V-locally Lie double groupoid (2(%), W9).
Further, we state a universal property of the Lie groupoid Hol(Z(%), W¢) in
Theorem 5.4.

We state a part of a Lie version of the Brown—Spencer Theorem given in Brown—
Mackenzie [9]. We give a definition of Lie crossed modules of groupoids and of
double Lie groupoids.

Definition 5.1. A Lie crossed module of groupoids is a crossed module (C,G,9)
together with a Lie groupoid structure on C, G (so that G, X is also a Lie groupoid)
such that ¢ : C— G and the action of G on C are smooth.

Recall that a double groupoid consists of a quadruple of sets (D, H, V', X), together
with groupoid structures on H and V', both with base X, and two groupoid structure
on D, a horizontal with base V', and a vertical structure with base H, such that the
structure maps (source, target, difference map, and identity maps) of each structure
on D are morphisms with respect to the other.

Definition 5.2. A double Lie groupoid is a double groupoid 2= (D; H, V, X) together
with differentiable structures on D, H, VV and X, such that all four groupoid
structures are Lie groupoids and such that the double source map D—H x, V =
{(h,v):01(h) = oa(v)}, d—(0a(d), 1 (d)) is a surjective submersion, where o, o are
source maps on D vertically and horizontally, respectively.
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In differential geometry, double Lie groupoids, but usually with one of the
structure totally intransitive, have been considered in passing by Pradines [23,24]. In
general, double Lie groupoids were investigated by Mackenzie [20] and Brown and
Mackenzie [9].

Theorem 5.3 (Brown and Mackenzie [9]). Let € = (C, G, ) be a Lie crossed module
with base space X and let the anchor map [,]: G— X x X be transversal as a smooth
map. Then the corresponding edge symmetric double groupoid (%) is a double Lie
groupoid.

We define the quotient groupoid
Hol(2(%), W) = J'(2(%)) /o

and call this the holonomy groupoid of the locally Lie groupoid (2(%), W) on 2(%).
We now state our main theorem.

Theorem 5.4. Let € = (C,G,5) be a crossed module and let (%) be the
corresponding double groupoid. Let (2(%), WY) be a V-locally Lie double groupoid
for the double groupoid %(%). Then there is a Lie groupoid structure on
Hol(2(%), W), a morphism

Y - Hol(2(%), W°) - 2(%)
of groupoids, and an embedding
i: WO Hol(2(%), W)
of WG to an open neighbourhood of Ob(Hol(%(%€), W)) = G, such that

() y is the identity on G, Vi is the identity on WO, =" (W) is open in
Hol(2(%), WC), and the restriction Yye -~ (W)= WG of y is smooth.

(i) if o/ = (A, B,d') is a Lie crossed module and i : (/) — Z(€) is a morphism of
groupoids such that

(a) w is the identity on objects;

(b) the restriction pye : i ' (W) — W is smooth and =" (WS) is open in % (/)
and generates D(./) with respect to +, as a groupoid.

(c) the triple (o1, ), 2(/)) has enough local linear smooth coadmissible sections;

then there is a unique morphism | : (%(</), B)— Hol(2(%), W) of Lie groupoids
such that yu' = u and i (w) = (ip)(a) for weu ' (WY).

The proof occupies the next two sections.
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6. Lie groupoid structure on Hol(%(%), W©)

The aim of this section is to construct a topology on the holonomy groupoid
Hol(2(%), W) such that Hol(2(%), W) with this topology is a Lie groupoid. In
the next section we verify that the universal property of Theorem 5.4 holds. The
intuition is that first of all W¢ embeds in Hol(Z(%), W), and second that
Hol(2(%), W%) has enough local linear coadmissible sections for it to obtain a
topology by translation of the topology of W¢.

Let sel"(2(%), W%). We define a partial function y, : W% — Hol(2(%), W©9).
The domain of y, is the set of weW?¢ such that o (w)=aeD(s;) and
o(a), f(a)eD(sy). The value y,(w) is obtained as follows. Choose a local linear
smooth coadmissible section 0 through w. Then we set

XS(W) = <S>c<|(w)<9>[31(w) = <S*9>[£1(w)'

We have to show that y (w) is independent of the choice of the local linear smooth
coadmissible section 0. For this reason we state a lemma.

Lemma 6.1. Let we WO, and let s and t be local linear smooth coadmissible sections
through w. Let a = Byw. Then {s),= {t), in Hol(Z(%), WY).

Proof. By assumption sa = ta = w. Let b = oyw. Without loss of generality, we may

assume that s and ¢ have the same domain (U, U;) and have image contained in W¢
and G, respectively. By Lemma 4.2, s« 'eI"(WY). So [sx¢71], €Jy. Hence

(g =Lset Y Kay, = Coxt ), = (s, O

Lemma 6.2. y, is injective.
Proof. Suppose y,v= yw. Then p,w=fv=a, say and ajsu v = a;sow. By

definition of s, ojv = oyw = d, say. Let 6 be a local linear smooth coadmissible
section through w. Then we now obtain from y,v = y,w that

<S>d<0>a = <S>d<0/>a

and hence, since Hol(Z(%), W°) is a groupoid, that <0),= (0>, Hence,
v="0(a)=0(a) =weWs. O

Let seI'(2(%)). Then s defines a left translation L; on Z(%) by

Li(w) = s(og(w)) 41 w.
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This is an injective partial function on Z(%). The inverse L' of L; is
-1
v —1 s(a1s)” (g (v)) +1 v

and L' = L. We call L the left translation corresponding to s.

So we have an injective function y, from an open subset of W to Hol(2(%), W©).
By definition of Hol(%(%), W), every element of Hol(Z(%), W¢)) is in the image of
1s for some s. These y, will form a set of charts and so induce a topology on

s

Hol(2(%), W©). The compatibility of these charts results from the following lemma,
which is essential to ensure that WY retains its topology in Hol(%(%), W) and is
open in Hol(2(%), W°). As in the groupoid case [1], this is a key lemma.

Lemma 6.3. Let s,teI"(Z(%), WC). Then (1,)" 'y, coincides with L, left translation
by the local linear smooth coadmissible section n = t~'xs, and L, maps open sets of
WO diffeomorphically to open sets of WC.

Proof. Suppose v, we W and y,v = y,w. Choose local linear smooth coadmissible

sections 0 and ¢’ through v and w, respectively, such that the images of 0 and ¢’ are

contained in W¢. Since y,v = y,w, then ;v = pyw = a say. Let ajv = b, yw = c.
Since y,v = y,w, we have

(520, = (120,

Hence there exists a local linear smooth coadmissible section { with aeD({) such that
[€],€Jo and

[sx0], = [t*@l}a[é']a.

Let # = ¢~ '«s. Then in the semigroup I""(Z(%), W) we have from the above that
n*0 = 0+ locally near a. So we get w = (0/x{)(a) = 0/ (a) +, {(a) = 0'(a) +1 1, =
(n*0)a = noyo +, v. This shows that (,) 'y, = L,, left translation by nelI'(Z(%)),
i.e.,

()™ () (@) = (1) ™ (<550 )
= (17" xsx0)(a)
— (n*0)(a), since =1 'xs
=n(21(0(a)) +1 0(a), by definition of
=n(e(v)) 41 v, since O(a) =v

=L,(v), by definition of L,.
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However, we also have i = 0'«({*0~" near ajv. Hence L, = LyL:L,1 near v. Now

Ly maps vto 1,, Ly maps 1, to 1,, and Ly maps 1, to w. We prove the first of these
the others being similar

Ly (v) =0 (oa(v) +1 0
= — 0(0(10)71(0111)) +1 v, by definition of 0!

= =1 0(1(v)) +10(Bv), since O(fv) = v

—1,.

So these left translations are defined and smooth on open neighbourhoods of v, 1,
and 1,, respectively. Hence L, is defined and smooth on an open neighbourhood
ofv. O

We now impose on Hol(Z(%), W©) the initial topology with respect to the charts
ys for all sel"(2(%€),W?). In this topology each element 4 has an open
neighbourhood diffeomorphic to an open neighbourhood of 1p in we.

Lemma 6.4. With the above topology, Hol(%(%), W) is a Lie groupoid.

Proof. Source and target maps are smooth: In fact, for we W©,

ﬁH(XS(W)) = ﬁl(w)v O(H(XS(W)) =0 (SOCl(W)).

It follows that ¢y and fj; are smooth.
Now we have to prove that

dy : Hol(2(€), WO sHol(9(%), W) — Hol(%(%), W°)

is smooth. Let {s),, {t>,€Hol(Z(€), W). Then y,(1,) = {sY 41, (1a) = {t> 4
and if y = s*¢7!, then y,(13) = {s*r'),, where b = §,1(a). Let veD(y,), weD(y,),
with B,v = B;w = ¢, say and let 0 and 0’ be elements of I'" (W) through v and w,
respectively. Let d = f,(z%6')(c). Then

2y A (X 7 (0,w) =2, i (s (0), 72,(w))

=7y 'du({sx0, <x0'),), by definition of %, %,
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=1, ({(s%0)x(1x0')"">,), by definition of dj
=(n"")x(s%0)x(tx0")"'(d), by definition of z,"
= ((s17") ") x(sx0)x (1x0) "' (d), since n = (sx17")
= (x5 xs5%0) % (1%0) ") (d)
= ((1+0) % (1x0")")(d)
= ((t+0) (e (1%0") 7' (d) +1 (16') "' (d)
= (1%0),(c) —1 (1%0) (a1 (t%0") ") (d), since o;(%60') ' (d) = ¢
= 1(0101(¢) +1 0(c) =1 (t(e0/(c) +1 0'(c))
= (t(r (v)) +1 0 =1 (2 (W)) +1w)
=Li(v) =1 Ly(w)
=Q(v,w)
say. The smoothness of this map @ at (1, 1,) is now easily shown by writing 7 =

t,*--- %t where t;el’ ’(WG) and using induction and a similar argument to that of
Lemma 4.5. [

7. The universal property of Hol(D(C), W©)

In this section we state and prove the main theorem of the universal property of
the morphism V : Hol(Z(%), W%)— %(%). Note that for the case of groupoids
rather than crossed modules, Pradines stated a differential version involving germs
of locally Lie groupoids in [22], and formulated the theorem in terms of adjoint
functors. No information was given on the construction or proof. A version for
locally topological groupoids was given in Aof—Brown [1], with complete details of
the construction and proof, based on conversations of Brown with Pradines. The
modifications for the differential case were given in Brown—Mucuk [11].

The main idea is when we are given a V-locally Lie double groupoid (2(%), W)
of a double groupoid 2(%), coming from a Lie crossed module %, a Lie crossed
module .o/ and a morphism

w:9(l)—>2(%)
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with suitable conditions, we can construct a morphism
W : D) > Hol(9(6), WO),

where Hol(Z(%), WY)) is a holonomy groupoid of a locally Lie crossed module,
such that

ou' = .

We prove that such a morphism g’ is well-defined, smooth and unique. Now let
(2(%), W) be a V-locally Lie double groupoid as above.

Theorem 7.1. If o/ = (A, B,d') is a Lie crossed module and p: 9 () — (%) is a
morphism of groupoid such that

(1) u is the identity on objects;
(i) the restriction e : u="(W9) > WG of w is smooth and u=" (W) is open in
2(A) and generates 9 (/) as a groupoid with respect to +.
(i) the triple (a1, 1, 2(Z)) has enough local smooth coadmissible sections.

Then there exists a unique morphism
W D (A)— Hol(2(%), W)
of Lie groupoids such that yu' = p and i/ (w) = iu(w) for wepu ' (WO).

Proof. Since, by condition (i), u is the identity on G, then G = B and X = X’ which
implies that w(G) =G, w(X)=X. But GS W <%(%), by condition S2 of
Definition 4.1. Hence u(G)<= W< %(%). So it follows that GSu~!' (W) c 9().

But, by condition (ii), x~' (W) is an open in Z(.«7). Hence u~'(W?) is open
neighbourhood of G in Z(.<7). Since u~! (W) generates D(.«7), we can write w =
Wy +1 - +1 wy, where u(w;)e WG i=1,... n

Since (a1, f;,2(/)) has enough local linear smooth coadmissible sections, by
condition (iii), we can choose local linear smooth coadmissible sections 0; through
w;, i =1, ...,n, such that they are composable and their images are contained in
wH(we).

Because of condition (ii), the smoothness of u on u~!' (W) implies that u0; is a
local linear smooth coadmissible section through u(w;)e W whose image is
contained in WY, Therefore u0eI” (2 (%), WY). Hence, we can set

f(w) = {ub> g - O

Lemma 7.2. u/(w) is independent of the choices which have been made.
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Proof. Let w = v, + --- 4+ v1, where puv;e WG and j=1,...,m. Choose a set of
local linear smooth coadmissible sections 0]/- through v; such that the 9} are
composable and their images are contained in u~!(W©).

Let 0 =0 %---«0). Then o' eI""(2(%), W), and so {uby e Hol(%(%), W°).
Since by assumption, 0(c) = 0'(c) = weZ (<), then (0(c),0(c))eZ(t) My Z(A)
and d4(0(c),0'(c)) = 0(c) —1 0'(c) = 1.. Hence (0(c),0(c))ed,'u (W) because
leep Y (WO).

Because .« is a Lie crossed module and the corresponding double groupoid Z(.<7)
is a double Lie groupoid, the difference map d : Z(.o#) M, Z (/) > Z (/) is smooth.
Since u~'(WY) is open in Z(.«/), by condition (i), then d,'u'(W?) is open in
D(A) g, D (A ).

But, by the smoothness of 6 and ¢, the induced maps (0,0):
D(01)nD(0)) > 2() "5, 2(A), (0o, 0;) : D(09) nD(0;) - G 3G are smooth. Hence
there exists open neighbourhoods N of ¢ in G and N, of both «(c), f(c) such that
0,0)Y(N)s(d;'w )W and  (0y,0,)(No)<=d;'(G). This implies that
00 (o, N) s (WY and 090, '(Ny)=G. So, after suitably restricting 0, ¢/,
which we may suppose done without change of notation, we have that 060" is a
local linear smooth coadmissible section through 1,e%(</) and its image is
contained in x~'(WY). So u(0*0""") is a local linear smooth coadmissible section
through 1,€ W, and its image is contained in W¢. Therefore [u(0+0' ")), eJ" (W Y).

Since 0(c) = 0'(c), then y[ul],. = [ud'],. But  and u are morphisms of groupoids;
hence  Y[u(0x0 "], =14, and  so  [w(0%0')],eKeryy.  Therefore
(00" ,eJ (W) Kery = Jy. Since p is a morphism of groupoids, we have
(00", eJ". Hence {pu(0x0~")>, = lye Hol(%(%), WY)), and so

Oy, = <u0y (00", = Cub'y,,

which shows that y'w is independent of the choices made. [
Lemma 7.3. 1/ is a morphism of groupoids.

Proof. Let u =w+; v be an element of (/) such that w=w, +; --- +; w; and
U=y +1 - +1 01, where wi,veu (W9, i=1,...,nand j=1,...,m. Then u =
Wy 1 o0 1 WL F1 U 100 101

Let 0;,0; be local linear smooth coadmissible section through w; and v,

respectively, such that they are composable and their images are contained in
w i (W), Let 0 =0, %0, and 0 = 0, = --- 0}, k = 0x0". Then « is a local linear
smooth coadmissible section through ue Z(.«7), and u0, u0', uce I''(2(%), W), and
i = ul*pld', since pu is a morphism of groupoids.

Leta = pyw, b= f,v. Then {ux), = {ub>, by, and so y’ is a morphism. [
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Lemma 7.4. The morphism ' is smooth, and is the only morphism of groupoids such
that Yyu' = p and p'a = (in)(a) for all ae =" (WY).

Proof. Since (o4, ff;, Z(.</)) has enough local linear smooth coadmissible section, it
is enough to prove that x' is smooth at 1, for all ae G. Let ¢ denote the linear
coadmissible section ¢ : G—>%(%), a1, and ¢y : X > G, x— 1.

Let aeG. If wep '(WC) and s is a local linear smooth coadmissible section
through w, then p'w = {us) g, = xp(w). Since u is smooth, it follows that y' is
smooth.

The uniqueness of g’ follows from the fact that g’ is determined on p~!' (W) and
that this set generates 2(<7). O

This completes the proof of our main result, Theorem 5.4.
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